PREPOTENTIAL FORMULATION OF LATTICE
(G AUGE THEORIES

THESIS SUBMITTED FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY (SCIENCE)

IN
PHYSICS (THEORETICAL)
BY
Indrakshi Raychowdhury

DEPARTMENT OF PHYSICS
UNIVERSITY OF CALCUTTA
JULY 2013



70
MY BEST FRIEND



11

ACKNOWLEDGEMENTS

First of all I take this opportunity to express my sincere gratitude to Prof. Manu
Mathur for being a helpful thesis advisor. I would like to acknowledge the benefits I have
received from my collaborator Prof. Ramesh Anishetty from IMSc, Chennai.

I acknowledge fruitful discussions with the groups of Prof. UJ Weisse, University of
Bern, Prof. Reinhardt, University of Tubingen and Prof. Preussker, Humboldt University,
Berlin and hospitality provided by their respective departments.

It’s a great pleasure to name Prof. Parthasarathi Majumdar and Prof. JK Bhat-
tacharjee as two of the most influential teachers during my physics training, starting from
undergraduate days. Back in my own institute, I thank Prof. Biswajit Chakraborty for
my masters projects and numerous informal small courses on mathematical physics that
he gave outside the scheduled masters lectures. It was so kind of Prof. Amitabha Lahiri,
Prof. Samir K Paul and Prof. Partha Guha for agreeing to be members of my thesis
committee. They should again be thanked along with Prof. Rabin Banerjee for some of
best courses that I have taken ever.

I should mention help in form of financial support from SN Bose National Centre. As
an integral part of this institute, Mr. Sunish Deb deserves special thanks, for extending
his help at each individual instance of hitch during my work and stay here. I thank all
other staff members, in particular those from library and Debasish Mitra from reception
desk for keeping things as good as they could be.

Now it comes to mention my friends from this ever vibrant student of our institute.
All any list in this regard is incomplete, I must name Chandu da, Saikat da, Mitali
di, Sourav da (Bhattacharya and Samanta), Arnab da, Sagar da, Anjan da, Raka di,
Swastika, Soumyagit, (Sujoy) Modak, Debraj, Kapil, Prashant, Soma, Jena, Amartya,
(Sudip) Garain, Sirshendu, Arghya for just making my stay here an awesome experience.

I should also take this opportunity to express my gratitude to my parents who have
provided me with all kinds of support throughout my life. I would also like to thank my
parents-in-laws for their help. Finally I must thank Mr. Rudranil Basu for each and every
encouragement and assistance I received from him as a class-mate, a friend and a wife.

Indrakshi Raychowdhury
S.N.Bose National Centre for Basic Sciences,
Kolkata, India.



11

This Thesis Is Based On The Following Publications:

1. R. Anishetty, M. Mathur and I. Raychowdhury, “Irre-
ducible SU(3) Schhwinger Bosons,” J. Math. Phys. 50, 053503
(2009) [arXiv:0901.0644 [math-ph]].

2. R. Anishetty, M. Mathur and I. Raychowdhury, “Prepo-
tential formulation of SU(3) lattice gauge theory,” J. Phys.
A 43, 035403 (2010) [arXiv:0909.2394 [hep-lat]].

3. M. Mathur, I. Raychowdhury and R. Anishetty, “SU(N)
Irreducible Schwinger Bosons,” J. Math. Phys. 51, 093504
(2010) arXiv:1003.5487 [math-ph].

4. M. Mathur, I. Raychowdhury and T PSreeraj, “Invari-
ants, Projection Operators and SU(N)xSU(N) Irreducible
Schwinger Bosons,” J. Math. Phys. 52, 113505 (2011) [arXiv:
1108.5246 [math-ph]|.

5. M. Mathur and I. Raychowdhury, “SU(N) Coherent States
and Irreducible Schwinger Bosons,” J. Phys. A 44, 035203
(2011) [arXiv:1007.1510 [math-ph]].



v

Contents

1 Indroduction 1
1.1 The Hamiltonian approach . . . . . . . . .. ... ... ... ... ..... 3
1.2 Loop Formulation . . . . . .. . .. ... ... 4
1.3 The Mandelstam Constraints . . . . . . .. .. ... .. ... ... .... 6
1.4 Prepotential Formulation . . . . . . . . . .. .. ... . L. 7

2 Hamiltonian Formulation of Lattice Gauge Theories and Prepotentials 11

2.1 Kogut-Susskind Hamiltonian formulation . . . . .. ... ... .. ... .. 11

2.2 Prepotential Formulation . . . . . . .. .. ... 000 13

2.2.1 Definition and Construction . . . . . . . .. .. .. ... ... ... 14

2.2.2  The additional U(1) gauge invariance . . . .. ... .. ... ... 17

2.2.3 Link operators . . . . . . . .. ... 17

2.3 Summary and Discussion . . . . . . ... 19

3 Prepotentials and Loop Formulation 20

3.1 Wilson loops and Mandelstam constraints on lattice . . . . . . . ... ... 20
3.2 Loop states in terms of Prepotentials: the non-abelian intertwining and

abelian weaving . . . . . . .. ..o 26

3.3 Mandelstam Constraints . . . . . . . . ... ... oo 29

3.3.1 Thesolutions . . . . . . . ... 30

3.3.2  The triangular constraints . . . . . . .. ... ..o 32

3.4 Summary and discussion . . . . .. ... 37

4 Loops and Dynamics 38

4.1 Dynamics within local orthonormal loop states . . . . . .. .. ... .. .. 39

4.2  Explicit Computation in 2 dimension . . . . . . . . .. ... L. 41

4.3 ddimension . . . . ... 51

4.4 Summary and discussion . . . . .. ..o 53

5 Prepotential Formulation of SU(3) Lattice Gauge Theory 54



5.1 Prepotentials in SU(3) lattice gauge theory: Definition and Construction
5.2 The additional U(1) ® U(1) gauge invariance . . . . . . . .. .. ... ...
5.3 The SU(3) prepotential Hilbert space Hp on alink . . ... ... ... ..
5.3.1  The multiplicity problem in SU(3) . . . . . . ... ... ... ....
5.4  The SU(3) invariant Spp(2, R) x Spr(2,R) algebra . . . . ... ... ...
5.5 The SU(3) gauge theory Hilbert space H, . . . .. ... ... ... ....
5.6  SU(3) irreducible prepotential operators: Construction . . . . . . . . . ..
5.7 SU(3) link operators, electric fields and irreducible prepotentials . . . . . .

5.8 SU(3) gauge invariant states and Mandelstam Constraints in terms of Pre-
potentials . . . . . . ...

5.9 Summary and discussion . . . . .. ...

Prepotential Formulation for SU(N) Lattice Gauge Theory

6.1 Prepotentials in SU(N) Lattice Gauge Theory . . . ... . ... ... ...

6.2 The Additional Abelian Gauge Invariance . . . . . ... .. ... ... ..

6.3 SU(N) prepotential Hilbert space vs. SU(N) Gauge theory Hilbert space

6.4 SU(N) link operator in terms of prepotentials . . . . .. . ... ... ...
6.4.1 TIrreducible Prepotential Operators . . . . . . .. .. .. ... ...
6.4.2 SU(N) link operators in terms of irreduicible prepotentials . . . . .

6.5 Loop States and Mandelstam Constraints in terms of Prepotentials

6.6 Summary and Discussion . . . . . . .. ..o

Single Plaquette Problem and the Prepotentials
7.1 SU(2) Single Plaquette Hamiltonian . . . . . . ... ... ... ... ... .
7.1.1 Introducing Prepotentials . . . . . ... ... ... ..

7.1.2  SU(2) characters: Some important relations and its consequence to

7.1.3 Spectrum of the Hamiltonian . . . . . . . .. ... ... .. ....
7.2 Single Plaquette in SU(3) Lattice Gauge Theory . . . . . . ... . ... ..
7.2.1 Introducing Prepotentials and Treating Hyqg . - . . . . . . . . . ..
7.2.2 Treating Hep . . . . o o o o 0 o o o
7.2.3 Treating full Hamiltonian . . . . . . . ... .. ... ... .....

o6



7.3
7.4

Generalization to arbitrary SUN) . . . . . . ... ..o oL

SUMMATY . . o o v v e e e e e e

Summary and Future Directions

SU(N) Coherent States

Al
A2

A3

SU(2) Coherent States . . . .. ... ... ... ... ..........
SU(3) Coherent States . . . . . . . . . . ... ...
A.2.1 Construction of SU(3) Coherent States . . . . .. ... ... ....
SU(N) coherent state . . . . . . . . . ...
A.3.1 Construction of SU(N) Coherent States . . . . . . ... ... ....

Calculation of Clebsch Gordon coefficients for SU(N) x SU(N)

B.1

B.2

Representations of SU(2) x SU(2) and invariants . . . . .. .. ... ...
B.1.1 The Projection operators, invariants and symmetries of Irreps. . .
B.1.2 SU(2) x SU(2) irreducible Schwinger bosons . . . . . . . ... ...
B.1.3 The projection operators and SU(2) Clebsch Gordan Coefficients
Invariants and representations of SU(N) x SU(N) . .. . ... ... ...
B.2.1 SU(N) x SU(N) irreducible Schwinger bosons . . . . . . .. .. ..
B.2.2 The Projection operators and SU(N) Clebsch Gordon Coefficients .

vi

115
117

118

120
121
124
125
127
127

130
130

. 132

135

. 139

141
144
146



List of Figures

1.1

2.1

2.2

3.1

3.2
3.3

3.4

3.5

4.1

4.2

4.3

The Prepotential Hamiltonian Formulation . . . . . . . ... ... ... ..

The left and right electric fields and the corresponding prepotentials in
SU(2) lattice gauge theory. We have denoted a'(n, 4, L) and a'(n+1i,14, R) by
a'(L) and a'(R) respectively. The unoriented abelian flux line connecting
them represents the U(1) Gauss law (2.19) constraint. . . . . . . . ... ..
The Young tableau interpretation of the SU(2) link operator U in terms
of the prepotential operators (2.20) acting on a state with n;, = ng = 2j.
The two terms in (2.20) correspond to the two sets of Young tableaus on
the right hand side of this figure respectively. . . . . . .. .. .. .. .. ..

Mandelstam constraint for two plaquette lattice. The solid lines denotes
intertwining between two plaquettes. . . . . . .. . ... L.

Loops involving two units of fluxes around a two plaquette lattice. . . . . .

Mandelstam identities involving three loops originating and ending at one
lattice site for SU(2) gauge theory. . . . . . ... ... ... ... ... ..

The 2d prepotential SU(2) doublets af[n, 1], i=1,2,...,2d around every lattice
site n shown in d = 2 by their Young tableau boxes [1. They all transform
as doublets under SU(2) gauge transformation at siten. . . . . . . . .. ..

Graphical representation of SU(2) invariant intertwining illustrated for the
states |l; ), |lz ) and |l3 ). The thick lines should be compared with the
corresponding thick lines in Figure (3.1). . . . . .. ... . ... ... ...

The plaquette abed with the corresponding prepotential operators from
Figure (3.4). . . . . . L

Pictorial representation of (4.2). The solid line along a link implies increase
of flux along that link whereas dotted line means decrease of flux. . . . . .

Angular momentum addition scheme around a plaquette . . . . .. . . ..

vil



4.4

4.5

4.6

4.7

5.1

5.2

From loop kinematics to loop dynamics. (a) The angular momenta sat-
isfying SU(2) Gauss law on the dual lattice, (b) The matrix elements
(Gaved| TrUsped| Japea) with X = % (also see [57]). The six tetrahedron are
the six 67 symbols in (4.21). The unchanged j lines represent the delta
function and a e over a j line represents the factor (—1)’II(j) leading to

Mapea in (421). o

The 18; ribbon diagram representing exact SU(2) loop dynamics without
any spurious gauge or loop degrees of freedom in d=2. The interior (ex-
terior) edge carries the initial (final) angular momenta and the six bridges
carry the angular momenta which are invariant under the action of TrUp.
The six bridges along with the respective four angular momenta attached
represent the six 65 symbols appearing in (4.25) with j; = j; & % .......

(a) The plaquette abed in the (7, K) plane in d dimension. We choose
I <K, 1<I<dand 1< K <d, (b) The angular momentum addition
scheme at site x (=a,b,c,d). Note that j§ and ji, appear twice in the
scheme. The ¢ functions are subtracted in (4.26) to avoid this double
COUNBING. . . .« . o o o o e

The 30; ribbon diagrams representing exact SU(2) loop dynamics without
any spurious gauge or loop degrees of freedom in d=3: a) (12) plane, b) (13)
plane, ¢) (23) plane. The angular momenta ji, jo, j3 and j, are as shown in
Figure (4.6a). The initial (inner) and final (outer) angular momenta differ
by A

The SU(3) prepotentials and the two U(1) ® U(1) oriented abelian flux
lines along a link [ in SU(3) lattice gauge theory. The directions of abelian
flux lines are chosen from quarks a' € 3 prepotentials to anti-quark bf € 3*
prepotentials transforming like triplet and ant-itriplet respectively. . . . . .

The graphical interpretation of the SU(3) ® U(1) ® U(1) gauge invariant
loop state (5.18) over a link (n,i) with n, =ng =n = 1. The “magnetic”
Sp(2,R) quantum number p of this state is non zero (p = 1) and therefore
such states can not be created by the link operators U(n,i). Two types of
arrows are used to differentiate abelian and non-abelian fluxes. . . . . . . .

viil



5.3

5.4

5.5

5.6

5.7

6.1

6.2

6.3

6.4

7.1

1X

The Young tableau interpretation of the SU(3) link operator U in terms
of the prepotential operators (5.57) acting on a state with p single boxes
and ¢ double boxes at the left of the link, and the conjugate state at the
right. The three terms in (5.57) or (5.58) correspond to the three sets of
(mutually conjugate) Young tableauex on the right hand side of this figure
respectively. This is SU(3) generalization of Figure 2.2 for SU(2). . . . . . 71

The SU(3) prepotentials associated with a lattice site n in d = 2. This is
SU(3) generalization of Figure (3.4) for SU(2). . ... ... ... ..... 74

Graphical representation of the three possible SU(3) gauge invariant L, A,
B types of vertices. Two simple SU(3) @ U(1) ® U(1) gauge invariant loop
states are also shown. The arrows represent the directions of the abelian
(non-abelian) fluxes on the links (sites). . . . . . . . ... ... ... ... . 76

The graphical representation of local SU(3) Mandelstam constraints (5.70)
in terms of SU(3) gauge invariant vertices A, B and L constructed out of
the SU(3) irreducible prepotential operators at a lattice site n. The A and
B type of vertices at n annihilate each other to produce L type of vertices. 77

The graphical representation of local SU(3) Mandelstam constraints (5.73)

involving only L type of vertices at lattice siten. . . . . . . .. ... ... 78
General SU(N) Young tableaux at the left end of a link . . . ... ... .. 85
Conjugate SU(N) Young tableaux at the right end of the link . . . . . . .. 86

Conditions of left and right irreps for being mutually conjugate. The Young
tableaux consisting of white boxes is the left SU(N) irrep and the Young
tableaux constructed by inverting the set of grey boxes vertically is the right
SU(N) irrep. The number of boxes in each of the irreps are constrained in
order to make mutually conjugate irreps. . . . . . . . ... ... 87

A general SU(N) Young tableaux consists of N — 1 fundamental Young
tableax columns. Each of the fundamental columns of length | = 1,2, .., N—
1 are again antisymmetric combination of r independent Young tableaux
boxes. . . .. 88

New link variable which start and end at the same point and surrounds the
lattice. Prepotentials are attached at the staring and end points of each link.103



7.2 Lowest five energy levels of the Single palquette Hamiltonian. The X axis
is the coupling x and Y axis is energy. The Energy levels show strong
coupling behavior for small values of x and for large k, i.e in the weak
coupling regime (k — o0) all energy levels show finite mass gaps. . . . . . . 109

A.1 SU(2) Young table in the n = 2j representation. The monomial state (A.7)
carries the horizontal permutation symmetries of this Young tableau. . . . 122

A2 SU(3) Young table in the [ni,ns] representation. The monomial state
(A.16) in terms of SU(3) irreducible Schwinger bosons carries all the sym-
metries of this SU(3) Young tableau. . . . . .. ... ... ... ... ... 125

B.1 Graphical or Young tableaue representation of the identity (B.11). The
SU(2) ® SU(2) coupled states on the right hand side can be directly ob-
tained from the decoupled state by the corresponding projection opera-
tors (see (B.13)). The coupled states on the right hand sides also carry
Sp(2, R) x SU(2) quantum numbers (see (B.25) and (B.26)). . . . . . . .. 132

B.2 Graphical or Young tableau representation of the identity (B.55). The
coupled SU(N) x SU(N) states on the right hand side can be directly ob-

tained by projection operators (see (B.56)) and also carry Sp(2,R) quantum
numbers (see (B.63)). . . . . ... 142



Chapter 1

Indroduction

In 1974, Wilson proposed the Lagrangian formulation of LGT [1] where the gauge field the-
ory is discretized on the D-dimensional space-time lattice. In 1975, Kogut and Susskind
derived a lattice Hamiltonian [2] in which only the (d — 1)-dimensional space is dis-
cretized while the time variable remains continuous. Theoretically, the two formulations
are equivalent in the continuum limit. However, they both involve spurious gauge degrees
of freedom. In this thesis we study manifestly gauge invariant loop approach to lattice
gauge theory (see chapter 3 and 4) by reformulating Kogut Sussking Hamiltonian [2] in
terms of the prepotential operators. These prepotential operators are simply harmonic

oscillators belonging to the fundamental representations of the gauge group.

As mentioned above, the main idea of the lattice approach to gauge theories [3-7] is
to incorporate a non-perturbative cut-off in the theory. This lattice cut off is introduced
by considering finite lattice spacing a. The quantum theory which describes the physical
world is defined as the limit of a regulated theory with a short distance a (ultraviolet)

cut off and a volume L (infrared) cutoff.

Quantum Field Theory = lim (Lattice Theory), (1.1)

a—0,L—00
Continuum theories are approached from the lattice theory by tuning a set of relevant
parameters [8] to reach the limit where the lattice correlation length diverges. Note that,
while working on lattice, the variables such as lattice mass (my) or lattice correlation
lengths (£1) are usually taken in lattice units and are dimensionless, i.e,

1 1

ML =Myhyg X @& = LR — = ———) (1.2)
ply ML Mphys X @
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where, m is the physical mass. It is clear from the above expression, that

phys

e both my and &, are dimensionless,

e since the physical mass m is always finite, as the lattice spacing a approaches

hys
zero, the lattice correlatiorrl) lgngth must diverge.

Thus the continuum limit of a lattice gauge theory is reached only when the theory
has diverging correlation lengths. In a statistical mechanical theory, the divergence of
correlation length is a signature of second order phase transition. In renormalization group
analysis of lattice gauge theory [8], the coupling acts as a parameter which determines
the cutoff. Hence to get a continuum limit of a field theory defined with a lattice cutoff,
one needs to find the points in the coupling parameter space where the corresponding
statistical model reaches the critical point. In terms of the coupling in lattice gauge
theories, the continuum limit is achieved when the bare coupling approaches zero [3]. To
realize this let us consider the beta function, determining the cut-off dependence of the

coupling, defined as,

3(g0) = a5 g0(a), (1.3

where ¢q is the bare coupling of the theory and a is lattice spacing. Under renormaliza-
tion group flow, the coupling and lattice spacing are not two independent parameter. The
continuum limit is reached when gy approaches a fixed point gz in the coupling parameter
space. Hence it implies that 5(gr) = 0 in the continuum limit. The perturbative renor-
malization group analysis shows that at the strong coupling limit of the theory §(gr) does
not tend to zero. Hence the strong coupling limit of the theory is not a fixed point and
hence not the continuum limit. However, in the weak coupling limit of the theory, the

perturbative beta function in 4-dimensions acquires the form:

B(g0) = Bogs + Brgg + O(g5) (1.4)

which clearly vanishes at vanishing coupling. The one loop and two loop contribution to
beta function for SU(N) gauge theory with N, fermionic species is [3]:

b = 1 (1IN 2N,
O 7 Y62 \ 3 3

B 1 \? (34N> 10NN; Ny(N?-1)
b = <167r2) ( 3 3 N ) (1.5)
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Now, integrating beta function, one obtains the coupling as:

I 1 B 1 9
g_g = folog (aQA(%) + 2 log (log (cﬂA%) + O(Qo)) : (1.6)
or equivalently,
1 24 \302 1 2
a =Ny (gof)* exp ( —5=— | (1+ O(gy))- (1.7)
26095

where, Ag is the integration constant. Now, clearly we get that at weak coupling limit

~ 1 . . . . .
& (= mphysxa) diverges as expected in continuum limit.

We start with the introduction to Hamiltonian formulation in the next section.

1.1 The Hamiltonian approach

The Hamiltonian formulation of lattice gauge theory is intuitively appealing as one di-
rectly deals with the construction and study of the physical gauge invariant Hilbert space
in terms of the fundamental operators of the theory. In the Hamiltonian approach one
discretizes the spatial lattice and leaves the time variable continuous. This approach was
first taken by Kogut and Susskind in [2]. Till date the major trends in the researches
in the field of lattice gauge theories have mostly followed the Euclidean approach. This
is because of the fact that Euclidean path-integral formalism is easily implementable for
numerical simulations. In this formalism Monte-Carlo studies of lattice gauge theories
yield numbers to be directly checked with particle data. The drawback of the Monte
Carlo technique is that it is entirely numerical and one has no way of getting a feeling for
what is essential and what is superfluous. On the other hand, the Hamiltonian approach,
in principle, allows us to directly compute the physical spectrum non-perturbatively by
diagonalizing the lattice Hamiltonian in the gauge invariant Hilbert space. Therefore,
the Hamiltonian approach enables us to compute the energy levels and explicitly con-
struct the corresponding physical states in terms of the basic canonical operators of the
theory. However, the main problem with the Hamiltonian approach is that the above
diagonalization procedure even for pure gauge theory and on a finite lattice involves a se-
vere truncation of the infinite dimensional gauge invariant physical Hilbert space to some

finite dimension. These truncations are done under various approximation schemes. The
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simplest and the oldest approximation scheme is the strong coupling expansion [2,6,9].
In the strong coupling limit (g2 — oo) all loop states are eigenstates of the free Hamilto-
nian. The eigenvalues or the energies of these loop states, in the units of g2, are directly
proportional to their lengths and fluxes they carry. Therefore the strong coupling expan-
sion allows us to compute the low energy spectrum by truncating the infinite dimensional
physical Hilbert space to a finite dimensional Hilbert space spanned by loop states of
small lengths carrying small fluxes. However, these results are completely unphysical be-
cause the continuum limit of lattice gauge theory lies at the other extreme weak coupling
(9> — 0) end (1.7). The other popular variational [10] methods in the Hamiltonian lattice
gauge theory involve trial ground state wavefunctions and hence again sample a very small
part of the full gauge invariant Hilbert space. The Hamiltonian approach has also been
exploited to develop other non- perturbative methods such as t-expansions [11], plaque-
tte expansion [12] and coupled cluster method [13,14]. Monte Carlo techniques have also
been developed to study the spectrum of the lattice gauge theory Hamiltonian [15]. There
are also renormalization group improved approaches where the original Kogut-Susskind
Hamiltonian [16] is modified by including distant lattice sites/links interactions in order
to minimize the discretization error and to get closer to the continuum limit. Again all
these methods, though non-perturbative, chop off the gauge invariant Hilbert space as in
the case of strong coupling expansion. Therefore, it is an important problem to compute
and characterize all possible gauge invariant states which are mutually independent. In
this thesis we define SU(2) prepotential operators (see chapter 2) which enable us to ex-
plicitly construct an orthonormal and complete gauge invariant loop basis (see chapter
3). We also compute the matrix elements of the Hamiltonian in this basis (chapter 4).

We generalize the ideas to SU(N) in chapter 5 and 6.

1.2 Loop Formulation

Like any continuum gauge theory, LGT also suffers hugely from irrelevant gauge degrees
of freedom. Hence it is always desirable to remove these irrelevant or unphysical degrees
of freedom from the theory. Note that, within the Hamiltonian framework, where one is

interested in the Hilbert space of the theory, the gauge redundancy increases its dimension
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considerably. On lattice, each link of the lattice carries a SU(N) link operator. However,
there exists SU(N) gauge invariance at each lattice site. Hence, the actual dimension
of the physical Hilbert space in SU(N) gauge theory defined on lattice, is the dimension
of the quotient space ®inksSU(N)/ Qsires SU(N). Considering a d dimensional lattice
with periodic boundary condition the dimension of physical Hilbert space at each lattice
site is exactly (N? — 1)(d — 1), where N denotes the SU(N) group. We again address
this issue quantitatively in section 3.1. Now, there are two ways to proceed with the
Hamiltonian formulation like in any gauge theory. Either one can make a suitable gauge
choice (gauge fixing) to cut down the gauge degrees of freedom or work with only gauge
invariant or physical degrees of freedom. In pure gauge theries, the physical or gauge
invariant variables are the Wilson loops. These Wilson loops are basically the parallel
transport or holonomy of gauge field around a closed path in space. Infact, in the simplest
case of electrodynamics this notion of holonomies existed in terms of electric fields or flux
lines since the time of Faraday. In the non-abelian case, in order to get gauge invariant

variables, holonomies are taken around closed paths and finally the trace is taken.

In lattice gauge theories, these gauge invariant Wilson loop operators, constructed out
of holonomies, acting on the strong coupling vacuum creates the loop states which span
the physical Hilbert space of the theory. Infact, lattice formulation is tailor made for loop
formulation of gauge theories. This is because in lattice formulation of gauge theories
the basic variables are the link operators or equivalently holonomies and not the gluon
fields like in the continuum. The lattice cut-off also provides a natural cut-off for the
loop states carrying discrete “electric fluxes”. Infact, the most convenient description of
loop formulation of lattice gauge theories is in terms of dual and electric field quantum
numbers (see eqn. (3.13) and (3.28)). This dual formulation of lattice gauge theories
has been a subject of study for very long time [17-19]. Kolawa [18], Bruggmann [20],
Gambini [21,22] and many others [13, 14,23, 24] have used the truncated dual basis to
study the spectrum of SU(2) and higher SU(N) lattice gauge theories.

The loop studies of Yang Mills theory also inspired people working in gravity to utilize
loop approach. This was made possible by Ashtekars introduction of gauge theory like
variables for canonical gravity, namely, a connection and its canonically conjugate “elec-

tric field” with internal SU(2) degrees of freedom [25]. This approach to gauge theory
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eventually lead to a new non- perturbative quantization of canonical gravity [26] known as
loop quantum gravity. Again the dual approach to loop quantum gravity is the spin-foam
approach, where the Hilbert space of loop quantum gravity theories consists of polymer-
like excitations supported on graphs (spin network states) [27]. This spin foam approach
is again very much close to lattice gauge theory as the lattice is replaced by arbitrary
graphs. This again has renewed interests of reformulating lattice gauge theories in terms

of loops [23,28-30] in recent years.

1.3 The Mandelstam Constraints

The most serious problem associated with the loop formulation of gauge theories is that
set of all possible loop states form a highly over-complete basis in the gauge invariant
Hilbert space. This over-completeness is simply because all loop states are not linearly
independent. This overcompleteness of the full loop Hilbert space implies constraints
which are known as Mandelstam constraints [31]. They reflect the structure of the gauge
group in the form of a set of relations between the loop states of the theory. More precisely,
the Mandelstam constraints allow us to express products of Wilson loops in terms of the
sum of the products of smaller number of loops implying that all the loops in the theory
are not mutually independent (see chapter 3 for quantitative discussion). These identities
were first introduced by Mandelstam for the gauge group O(3) [31]. Extension to GL(N)
was achieved by Giles [32]. These identities have also been used for specific choices of

gauge groups for researchers in the field of Loop Quantum Gravity [21,28].

The Mandelstam constraints have been difficult to solve as they involve arbitrarily
large number of non-local loop states of all shapes and sizes (see chapter 3). On the other
hand, the solutions of the the Mandelstam constraints are of significance not only for
writing the non-abelian gauge theories without any spurious loop degrees of freedom (see
chapter 4) but also for computing the Hamiltonian spectrun in the weak coupling limit.
This is because unlike strong couling limit, near the weak coupling or continuum (g% — 0)
limit loop states of arbitrary large sizes and fluxes will become relevant [18]. In fact, if
we are only interested in the strong coupling limit of lattice gauge theory, this problem

of over-completeness and the problem of solving the Mandelstam constraints is simple.
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This is because for the low energy spectrum the loop states which are large and/or carry
large fluxes can be safely ignored in gy — oo limit. As a result, the relevant loop Hilbert
space in the strong coupling limit consists of very few states and is of finite dimension.
The Mandelstam constraints can be easily solved by constructing an orthonormal basis
using Gram-Schmidt procedure as the number of loop states are finite. This is the reason
why the Mandelstam constraints are not even mentioned in the huge amount of literature
dealing with the strong coupling expansion. However, in the continuum gy — 0 limit,
the number of loops contributing to the spectrum grows and solving the Mandelstam
constraints become an important problem. Infact, as stated by Gambini and Pullin in [21],
(Chapter 12, pp. 303304): “The proliferation of loops when one considers larger lattices
and higher dimensions completely washes out the advantages provided by the (loop)

formalism”.

In this thesis we define prepotential formulation of pure lattice gauge theories and
show that all Mandelstam constraints can be locally solved using the prepotential opera-
tor. Further, we systematically develop ideas and techniques to reformulate lattice gauge

theories in loop space without any spurious loop degrees of freedom.

1.4 Prepotential Formulation

The prepotential operators are the Schwinger bosons or harmonic oscillator n-plets in the
fundamental represenations of the SU(N) gauge group [29,30,33-36]. The SU(N) electric
fields, SU(N) link operators are explicitly constructed in terms of these prepotential op-
erators. This prepotential formalism is shown to be invariant under SU(N) x U(1)N~!
gauge group. As the prepotential operators belong to the fundamental representations of
the gauge group they transform exactly like matter fields. Thus in the prepotential for-
malism gauge and matter sectors of the theory are treated on the same footing. Further,
the simple transformation property of prepotentials enables us to solve the non-abelian
Gauss law locally at each lattice site. Further, using some ideas from group representation
theory we write down all possible mutually orthonormal local solutions of the Gauss law.
As these solutions are mutually independent they also solve the Mandelstam constraints.

Having solved all the constraints, we compute the loop dynamics within the orthonormal



Chapter 1. Introduction 8

loop basis locally site by site. The final results at different lattice site are then glued

together through the Abelian gauge invariance.

To illustrate the scheme more clearly, we give flow-chart in figure 1.1.

: Prepotential
Kogut-Susskind Schwinger Boson Formulation
formulation Construction (Chapter2)

V-Ezl)C Gv.E:()

Local Gauge Invariant
(Loop) States
(see section 3.2)

Non-Local Wilson
Loop States
(see section 3.1)

G Overcomplete! Overcomplete! | |

Non-local

Mandelstam Local I\/Iand_elstam
Constraints

Constraints!
g (see section 3.3.1)

UNSOLVED Explicit Local Solution
(see equation (3.35))

"

Loop Dynamics without any
redundant degrees of freedom!
(Chapter4)

Figure 1.1: The Prepotential Hamiltonian Formulation

Overview of the thesis

The outline of the thesis as as follows. We start with the Hamiltonian formulation of lattice
gauge theories in chapter 2. In this chapter we give a brief review and fix the notations for

the thesis of Kogut-Susskind formulation of Hamiltonian lattice gauge theory. We discuss
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the Gauss law constraint as well as the electric field constraint. The next part of this
chapter contains a new and equivalent formulation of Hamiltonian lattice gauge theories in
terms of Prepotentials [29]. We define and construct the prepotential operators, construct
the Kogut-Sussskind variables in terms of these. Rewrite the constraints and see their
implications.

In chapter 3 we discuss the loop approach to lattice gauge theories. The gauge invari-
ant operators in gauge theory are the Wilson loop operators. These Wilson loops acting
on the strong coupling vacuum creates the states in the physical Hilbert space of the
gauge theory. These states are highly non local due to arbitrary shapes and sizes of the
loops. Moreover they form a much bigger set of basis vectors than the required dimension
of physical Hilbert space. This is because of the fact that these Wilson loops are mutually
dependent by a set of Mandelstam constraint. The present available literature does not
contain a complete discussions on Mandelstam constrains. In this chapter we review the
Mandelstam constraints discussed by Migdal in [37] so that we can compare this with the
prepotential approach to loop formulation. We find that in terms of prepotentials [29] it
is possible to write all the operators invariant under non-abelian gauge transformations
locally at each site of the lattice. Being local they form a finite dimensional but overcom-
plete basis at each site. It is not at all difficult to relate these local loop operators in terms
of the Mandelstam constraint between them. This local form of Mandelstam constraint
is solvable leading to the exact orthonormal basis of the physical Hilbert space of SU(2)
lattice gauge theory. Next we consider the dynamical issues in chapter 4. In this basis

the dynamics is goverened by 3nj Wigner symbols.

In the next section, i.e in chapter 5 we generalize the prepotential formulation to gauge
group SU(3). As stated earlier, the generalization from SU(2) to SU(3) is not at all trivial
as the SU(3) group representation theoretic complications arise for SU(3). The origin of
such complications is the multiplicity problem. We first solve these multiplicity problem
by defining and constructing a new set of Schwinger bosons or irreducible schwinger bosons
which makes SU(3) representations as simple as SU(2). We exploit this set of irreducible
Schwinger bosons to contruct SU(3) irreducible prepotentials. In terms of the SU(3)
irreducible prepotentials the SU(3) gauge invariant loop states can be constructed locally.

We have also obtained all the Mandelstam constrain in their local form. Furthermore
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the SU(3) irreducible Schwinger boson construction has more applications in the context
of SU(3) representations. We also briefly discuss two such applications namely in the
construction of SU(3) coherent states and in the calculation of SU(3) Clebsch-Gordon

coefficients in the appendices.

In chapter 6 we further generalize the prepotential formulation for arbitrary SU(N)
group and reproduce all the results previously obtained for SU(3) in particular. Chapter
7 of this thesis contains explicit calculation of the spectrum of lattice gauge theory for
a smaller lattice consisting of only four sites. Finally we discuss the future scope of the

formulation in eighth and the final chapter.



Chapter 2

Hamiltonian Formulation of Lattice Gauge Theories

and Prepotentials

In this chapter we discuss the reformulation of the Kogut-Susskind formulation of Hamil-
tonian Lattice Gauge Theory in terms of prepotential operators [29,30]. For the sake of
simplicity we start with the prepotential formulation of SU(2) lattice gauge theory which
is the simplest non abelian gauge group. The first part of this chapter consists of the no-
tations and definitions regarding the Kogut-Susskind Hamiltonian formulation for SU(N)
lattice gauge theory that we follow in the course of this thesis. We set our notation in
terms of the conventional Kogut-Susskind variables, color electric field and link operators.
We also describe the Gauss law constraints. In the later part we define and construct the
prepotential operators through the non-abelian eleectric fields. We then compute the
SU(2) link operators in terms of the prepotentials. We also study the gauge invariance of

the theory written in terms of prepotentials.

2.1 Kogut-Susskind Hamiltonian formulation

In this particular formulation the space is taken to be discretized whereas the time remains
continuous. The Hamiltonian of SU(N) lattice gauge theory is [2]:

N2-1

H=3" 3" B0 )E(n,i) + K> Tr (U + Uf) (2.1)
O

n,g a=1
with,
Un = U(n,i)U(n+1i,j)U"(n+ 5,i)Ut(n, 5),

11
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where K is the coupling constant, a(=1,2,--- , (N?—1)) is the color index. For a d dimen-
sional square lattice, each link (n, ), originating from n'* site in the i'* direction carries a
link operator U(n, i) which connects the left and right electric fields E¢(n, i), E%(n +1i,1)
situated at both the ends, i.e n'® and (n + 4)™ point on the lattice. The link operator is
basically a SU(N) symmetric top, whose configuration (i.e the rotation matrix from space
fixed to body fixed frame) is given by the operator valued (N x N) SU(N) matrix U(n, ).

The quantization rules [2] of this system is as follows:
[E% (n> i)’ Uaﬁ(”’» Z)] = = (TaU(nu i))a B
[B(n+1,1),Ug(n,))] = (U(n,0)T*)" . (2:2)
where, T are the SU(N) generators in the fundamental representation satisfying [T, T"] =
if2P°T,,, where, f2* are the SU(N) structure constants. Epr(n,i) and Egr(n + i,i) being

the generators of left and the right gauge transformations are not independent. The right

generators F%(n+1i,1) are the parallel transport of the left generator £ (n,7) on the link

(n,i):
Eg(n+i,i) = =U'(n,4)EL(n,4)U(n, ). (2.3)

In (2.3), Eg(n+1i,i) = >, Ex(n+14,1)T* and Ep(n,i) = Y, E}(n,i)T* The left and
the right electric fields on every link, being the SU(N) generators, satisfy:

(B (n, 1), EL(n,1)] = i fanc EL (n, 1), [E(n, ), Bg(n,1)] = i farc Eq(n,9). (2.4)
Further, using (2.3), it is easy to show that £% and E% commute amongst themselves:
[ (n. ), Ey(m. )] = 0. (25

and therefore mutually independent. By construction (i.e (2.3)) on each link they always

satisfy the constraints:

N2-1 N2-1 N2-1

> EMn,i)E'(n,i) = Y Ef(ni)Ej(ni) =Y Epn+ii)Epn+ii). (2.6)

Note that, the Hamiltonian in (2.1) involves the squares of either left or the right electric

fields. Under gauge transformation (A(n) at site n) the link operator and left & right
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electric fields transform as:

U(n,i) — A(n)U(n,i)AT(n + 1),
Er(n,i) — A(n)Er(n,i))AT(n), Eg(n+i,i) — A(n+i)Eg(n+i,i)AT(n+14). (2.7)

The Hamiltonian (2.1) and the basic commutation relations (2.2) are invariant under the
SU(N) gauge transformations (2.7). From (2.7), the SU(NN) Gauss law constraint at every

lattice site n is
d
G*(n) = Z (E]"z(n,@) + E;(n,z)> =0,Vnandfora=1,... N> — 1. (2.8)

=1
It is convenient to define the left and right strong coupling vacuum state |0);, and |0)g

on every link which are annihilated by their corresponding electric fields:
E3(n,d)]0,(n,1)) =0, E%(n+14,9)|0,(n+1,i))g =0, V links (n,i). (2.9)

We will denote the vacuum state on a link by |0) = |0, (n,4)), ® [0, (n,i))r = [0), @ |0) g,
suppressing all the link as well as L, R indices. The quantization rules (2.2) show that the
link operators U%g(n, i) acting on the strong coupling vacuum (2.9) create SU(N) fluxes
on the links. As an example, using (2.2):

N2-1

B (ni)(U%510)) = Bh(n+1,0)(U%610)) = D B L, U] 0)

N2-1

= = 3B (T 10) = () (T2 50 )

1 1 1
_ <§5a553 - Waawag) U510 = 5 (N? — 1) (Uaﬁ|o>). (2.10)

The higher SU(N) irreducible flux eigenstates of E? or E% on a link are constructed by
considering the states U 3, U, - - - U 5,]|0) and symmetrizing the o and therefore also

# indices according to certain SU(N) Young tableau.

2.2 Prepotential Formulation

In this section we define SU(2) prepotential operators as an alternate variables of the

theory and reformulate the Hamiltonian as well as the associated constraints in terms of
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these. We will generalize these ideas and techniques to higher rank SU(3) and SU(N)(N >
3) groups later in chapter 5 and 6 respectively.

2.2.1 Definition and Construction

As discussed in previous section, two electric fields are associated with each link of the
lattice. We define SU(2) prepotential operators a'(n,4; L) and a'(n,i; R) associated with
left and right end of the link (n,7). Using the Schwinger boson construction [33] of the
angular momentum algebra, the left and the right electric fields on a link (n,7) can be
written as:

Left electric fields: E%(n,i) = aT(n,i;L)%a(n,i;L), (2.11)

Right electric fields:  E%(n+1i,i) = a'(n+i,i; R)%a(n +1,1; R).

In (2.11), an(n,4;1) and af (n,i;1) are the doublets of harmonic oscillator creation and

annihilation operators with | = L, R, « = 1,2 satisfying the following algebra:

an(n,i;1), a% (n',d'; l’)] = Onn0iir O 003

(aa(n.is0), ag(n’, 0] = |al(n,i:0), ab(n, #:0)] = 0 (2.12)

Like E?(n,i) and E%(n+1,1), the locations of a(n, i, L),a'(n,i, L) and a(n+1,i, R), a’ (n+
i,i, R) are on the left and the right of the link (n,7). For notational convenience we
suppress the link indices and denote af(n,i,L) and a'(n + 4,4, R) by af(L) and af(R)
respectively. This is clearly illustrated in Figure 2.1. Note that the relations (2.11) imply
that the strong coupling vacuum (2.9) is the harmonic oscillator vacuum. Under SU(2)
gauge transformation, the prepotential harmonic oscillators transform as SU(2) doublets:

ab(L) = al(L) (ML) w  al(R) = ab(R) (Al) s

« o

a*(L) — (AL)ag a’(L), a“(R) — (AR)ag a’(R). (2.13)

One can also define af® = eaﬂa; and @, = €,pa” which under SU(2) transformation

transform as a® and a, respectively. Here, €,5 is a completely antisymmetric tensor

(611 = €22 = 0, €12 = —€21 = 1)-
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O
n@
E;(n,i)

@+
Ey(n+i,i)

Figure 2.1: The left and right electric fields and the corresponding prepotentials in SU(2)
lattice gauge theory. We have denoted af(n,i, L) and a'(n + 4,4, R) by a'(L) and a'(R)
respectively. The unoriented abelian flux line connecting them represents the U(1) Gauss
law (2.19) constraint.

In addition to the elecric fields, each of the links also carry a link variable U%g(n, ). For
notational simplicity from now on we will remove the link index (n,7) while considering
a single link at a time. The basic SU(2) flux states on each link are created by the
action of link variables on the strong coupling vacuum. The flux state must carry a SU(2)
representation and is characterized by the SU(2)quantum numbers, i.e |7, m). As discussed
in previous section, the link variable transforms by both the gauge transformation seating
at its both ends. In terms of link operators, U%s on a link [ the basic SU(2) flux states

on the link ! can be constructed as:

@) me (D) @ linmal) = N (U 5,0 5,055, + ...} 0). (2.14)

- S
g

(2j)! permutations

In (2.14), N is the normalization factor. jr(I) = jr(l) = j(l) because both the left and
right states are created by action of the same U%g where, « is the left index and 3 is
the right index. m; = Zfil o; and mp = Zfil G; with «;, 5; = j:%. The (27)! terms
in (2.14) are required to implement the symmetries of SU(2) Young tableau in the left
(agag - - - ;) as well as the right (510; - - - 2;) indices.

Now, in terms of prepotentials, which are defined at each end of the links; so we can

create left and right states by the left and right prepotentials in the following way:

13(0), me(l), me(l)) = [5(1),me()L ©15(1), me(l)) g, (2.15)
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where,

~

50, me)e = Neal,(L)al,(L)---al (D)0)r = Lajas-anlO)L,
j(0),mr())r = Ngal (R)al,(R)---al (R)0)r = Rppp|O)r-  (2.16)

In (2.16), Ny, Ng are normalization factors, n = 2j(1), mp = Zfil m; and mp = Zfil m;
with m; = %(5%1 — 0a,2) and m; = %(5@.71 — 0p,2). The operators £ and R are the
SU(2)®U (1) flux creation operators at the left and right end of every link and create states
in the prepotential Hilbert space H}? U Note that these states are SU (2) irreducible as

they are symmetric in all the SU(2) spin half indices and are defined for later convenience.

The gauge theory Hilbert space H, is spanned by direct product of states of type
(2.14) on all the lattice links. Note that as the flux value j — oo on various links', the
construction of the gauge theory Hilbert space H, through (2.14) becomes more and more

tedious. But the same construction trivializes in terms of prepotentials through 2.16.

From (2.14) and (2.16) we conclude that the Hilbert space H,, created using the pre-
potential operators on all lattice links is also the SU(2) gauge theory Hilbert space:

SU(2) — SU(2
HIVD = 1V @), (2.17)

However, the construction of H, using the prepotentials (2.16) is much simpler than the
equivalent construction (2.14) using the link operators. This simplicity occurs because
unlike the link operators U,s(n,i) which are associated with links, the prepotential op-
erators are attached to the sites (i.e, left or right ends of every link). Further, all the
SU(2) prepotential creation operators commute amongst themselves and we do not need
(27)! terms (as in (2.14)) to get the symmetries of SU(2) Young tableau. In words, the
symmetries of SU(2) Young tableau are inbuilt in SU(2) prepotential operators. In the
case of SU(N) gauge theory with N > 3 [35,36], the identification (2.17)is no longer
valid. In fact HEU(N) C H,.?g YY) because of the existence of certain SU(N) gauge invariant
operators for N > 3. We will discuss this issue in detail in the chapter 5 and 6 while
discussing prepotential formulation for SU(3) and SU(N) respectively.

!These large j configurations are expected to dominate in the continuum (g — 0) limit.
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2.2.2  The additional U(1) gauge invariance

One can see it clearly that the defining equations (2.11) for the prepotential operators are

invariant under U(1) ® U(1) gauge transformations on every link:

al (L) — Pl (L), al (R) — e "Wql (R). (2.18)

e «

Note that the above abelian gauge transformations are defined on the two sides of every
link and are independent of the SU(2) gauge transformations (2.13) which are defined at
every lattice site. Using (2.11), the electric field constraints (2.6) on the links become the

number operator constraints in terms of the prepotential operators:

~

N(L)=al(L) - a(L) = N(R) = al(R) -a(R) = N (2.19)

In (2.19), N = N(n,i) and imply (L) = 6(R) on every link which reduces the extra
U(1)® U(1) gauge invariance to U(1). This is also clear from the fact that each state on
both side of the link is being created by the action of link operator. Hence the total flux of
the states must be same. Actually in terms of prepotentials both the ends are decoupled
except the U(1) gauge invariance. We will again discuss these issues in a great detail while
discussing prepotentials for higher SU(N) gauge groups. We can summarize by stating
that in the prepotential formulation non-abelian fluxes can be absorbed locally at a site
and the abelian fluxes spread along the links. Both the gauge symmetries together lead

to non-local (involving at least a plaquette) Wilson loop states.

2.2.3 Link operators

The equations (2.11) already defines the left and right electric fields in terms of the pre-
potentials. To establish complete equivalence, we now write down the link operators
explicitly in terms of the prepotentials. From SU(2) gauge transformations of the link
operator in (2.7) and SU(2) ® U(1) gauge transformations (2.13), (2.18) of the prepoten-

tials,
U5 = a'“(L)nal(R) +a*(L) 0 as(R), (2.20)

where 7 and 6 are functions of SU(2) invariant number operator. The action of link

operator in eqn. (2.20) on any SU(2) state residing on the link is graphically illustrated
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)< eI = \|||||®\||||| + \|||||®|||||
J =1 'L Jo=2n R

J=n+ +1L IR j, = Jo=2n- lR

Figure 2.2: The Young tableau interpretation of the SU(2) link operator U in terms of
the prepotential operators (2.20) acting on a state with n;, = ng = 2. The two terms in
(2.20) correspond to the two sets of Young tableaus on the right hand side of this figure
respectively.

in terms of SU(2) Young tableaus in Figure 2.2.

Since prepotentials are doublets, the link operator is a 2 x 2 matrix and must be SU(2)
valued. Again as we have already mentioned the prepotentials decouple the left and right
part of a link which are only connected by the number operator constraint discussed in
the last section. This is obvious in the explicit matrix form of the link operator written

as the product of the left part Uy and the right part Ug as:

ALy al(L)by \ [ nral(R)  nrab(R)
U= ( —al(L)ny as(L)6y, > ( Oraz(R) Or(—ai(R)) > (2.21)

(. J/
~~ ~~

Ur UR

Where, 11, ng, 01, 0r are the left and right invariants constructed out of number operators.
;From (2.20) it follows that, n = npng, 0 = 010r. Since Uy, and Up are themselves
SU(2) matrix, they must satisfy unitarity by themselves. From (2.21):
i (N +2) 0 e N7 0
vtu, = [ ™ (V+2) ), vatt = N o)
0 4, N0, 0 O (N+2)0n

In (2.22), N = af(L) - a(L) = a'(R) - a(R) is the common number operator (2.19) on the
link (n,7). Therefore, for U,s to be unitary as well as unimodular we get:

1 1 1 1
= fp=———— (2.23)

Ny = —F/—, 9:_A7 n > =
VR VN T U N+2

Finally, the link operator can be disentangled into its left and right parts as:

_ ab(L)  ai(L) al(R) dal(R) 1 _
. _\ N+1 ( —a{(L) ay(L) )( as(R) —ay(R) ) —N+1J_ UpUr  (2.24)

U L UR
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and satisfies UTU = UUT = 1. Moreover using (2.12) one can show explicitly that,
[Ua,@7 U’y§] = [Uaﬂ7 U’];(Si| =0 (225)

Note that, the above relation is non-trivial as U, involve both creation and annihilation

operators.

2.3 Summary and Discussion

In this chapter we have redefined the conventional canonically conjugate variables of the
lattice gauge theory Hamiltonian in terms of a set of new variables called prepotentials.
We have re-expressed the color electric fields as well as the link variables in terms of
prepotentials. The most important feature of this formulation is that the non-abelian
gauge invariance of the theory gets confined to prepotentials located around lattice site
with additional abelian gauge invariance involving prepotentials along every link. This
is manifested in the construction of the link operator (2.24) which breaks up into Uy,
and Ugr which transform as matter fields at the left and right ends of the link. It is also
worth mentioning that all the states in the gauge theory Hilbert space of the theory can
be constructed very easily in terms of prepotential as shown in (2.16) compared to the

conventional construction in (2.14).

In the next chapter we exploit the prepotential formulation of SU(2) Hamiltonian

lattice gauge theory to construct all possible mutually independent loop states.



Chapter 3

Prepotentials and Loop Formulation

In this chapter we discuss Mandelstam constraints in detail, first in terms of Kogut
Susskind link operators and then in terms of prepotential operators. We show that the

non-local Mandelstam constraints become local in the prepotential formulation.

3.1 Wilson loops and Mandelstam constraints on lattice

For a d-dimensional periodic lattice with n¢ sites and dn? links, the dimension of the
physical Hilbert space (N) is the dimension of the quotient space RiinksSU(N)/ Qsites
SU(N), as each link carries a SU(N) link operator while Gauss law is satisfied at each

site.
NSV — (N2 —1)(d — 1)n. (3.1)

Hence there is only (N2 —1)(d — 1) physical degrees of freedom locally at each site of the
lattice. However, the loop Hilbert space or the space of all possible loop states is always

of a bigger dimension.

In the last chapter we have defined the prepotential operators at both ends of a link.
Now if we consider a particular site on a d dimensional lattice, it has 2d number of links
connected to it. Each link must carry a set of prepotential doublet at that end. Hence,
at a particular site, we have 2d number of prepotential doublet attached to each of the
2d links emerging from the site. The SU(2) invariants are anti symmetric combination of
any two different prepotential doublets. In terms of Young tableaux it can be understood

well as each prepotential operator represents a single Young tableaux box. The SU(2)

20
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invariant is a column of two boxes. Hence, for a site in 2d lattice, we have total 2d
different prepotential doublet. The total number of invariants that we can construct is
now 2¢C,. This is precisely the dimension of the loop Hilbert space of SU(2) gauge theory
at each site. But from (3.1), the dimension of physical Hilbert space is 3(d — 1) per lattice
site. Note that, in terms of SU(2) prepotentials there exists an additional abelian gauge
invariance as discussed in last chapter. This extra abelian gauge invariance will put a
constraint in each direction. So, in d dimensional lattice, there exist d number of U(1)

Gauss law constraint. Hence we are left with
MV — 20y g = 2d(d — 1)
loop degrees of freedom per lattice site. Now it is clear that, there should be additional
MIVR) _ AU ypd — 9d(d — 1) — 3(d — 1) = 24> — 5d + 3 (3.2)

number of constraints on the local loop basis to get orthonormal loop basis at each site.
Hence there should be exactly 2d? — 5d + 3 number of Mandelstam constraints locally at
each site. Note that for d = 2 we have only one Mandelstam constraint per site and d = 3

we have six Mandelstam constraints per site.

We immediately see that this precise counting of Mandelstam constraints present in the
theory can be obtained in prepotential approach. We now review them briefly in terms
of the standard link operator language. This will also highlight why the Mandelstam
constraints have been so notoriously difficult to solve. To illustrate the overcompleteness
of non-local Wilson loops as well as associated Mandelstam constraints on lattice, let us
first consider the simple example of SU(2) gauge theory for a 2-d lattice consisting of only
two plaquettes. The Wilson loops existing for such a system is given in Figure (3.1a,b,c)
respectively. Although the lattice size as well as dimension of space is small even then
the loop states form an overcomplete basis. There exist only three possible loops for that

system as given in (3.1a,b,c). These three Wilson loop operators satisfy:
(TeWa) (TtWg) = Tr (WaWp) 4+ Tr (WaW5') . (3.3)

The Mandelstam identity or constraint follows from the fact that holonomies are nothing

but general SU(2) matrices and hence can always be written in the form W = WOT+iW'o*,
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{a) b) {c)

Figure 3.1: Mandelstam constraint for two plaquette lattice. The solid lines denotes
intertwining between two plaquettes.

where, 0"’s are the Pauli matrices. Note that the operator relation given in (3.3) is a well-
known identity for any two SU(2) matrices W4 and Wy with the most general form given
by Wx = Xol +14 Zi:l X,0% where 0 are the Pauli matrices, X, X, are real and satisfy
X2+ X? + X2 + X2 = 1. As Pauli matrices are traceless, (3.3) comes directly as:

2W,"2W5° = 2W O W5" — W' W' 4+ 2W "W + W' W5 (3.4)

Now we can associate Wilson loop states with each of these three loop operators as follows:

1) = (W) (TEWg) [0, o) = Tr (WalW5) 0), ) = Te (WaWi) 0), (3.5)
The identity (3.3) implies the fundamental Mandelstam constraint in 2d:

1) = 172) + |ys)- (3.6)

Thus we see that the three loop states |y1), |72) and |v3) are linearly dependent.

Note that the above discussed simplest Mandelstam constraint is there for loops carry-
ing only one unit of flux (7 = 1/2). As soon as it starts carrying more and more fluxes, life
becomes complicated even for this small lattice. Only two plaquettes but each carrying
two units of fluxes (j = 1) case implies seven mutually dependent states as demonstrated

in 3.2. To appreciate the problem, let us consider the most general loop states constructed
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Figure 3.2: Loops involving two units of fluxes around a two plaquette lattice.

g

for these two plaquettes A and B:

INA, Ng) = (TeW,)N4(TrWp) V2 |0)
= (TrW ) VA Y (TeWp) Ve Y (TY W, W + TrW,W51)|0)
= (TrWa) VA 2(TeWp) Vo~ 2(TeWaWp + TrWaW51)?|0)

= (TeW,)Na=Nmin (Te W) N~ Nmin (TeW oW + TeW W5 1) Nmin|0) (3.7)

where N4, Np are two arbitrary integers representing the SU(2) fluxes over A and B
and Npyin=Minimum(N4, Ng). The simple example, where Ny = 2 and Np = 2, all
possible loop states have been illustrated in figure(3.2). Thus, for the two plaquette
sytem carryning |N4, Np) units of flux, there exist very large number of distinct but
linearly dependent Wilson loop states contained in the relations (3.7). Note that for weak
coupling limit it is necessary to include loops carrying all possible fluxes and that too for a
arbitrary large lattice! To appreciate the difficulty we can further extend this simple two
plaquette system with addition of one more plaquette. Before that, it is worth mentioning
that, in general, if more than two loops in SU(2) lattice gauge theory passes through a
particular site, there exists a set of identities satisfied by these Wilson loops as discussed
in [37]. For the set of r (r > 2) loops I';(n), T's(n),---,T'.(n) all based at lattice site n.

These loops start from n in the direction 41,79, - - -4, and come back to n from directions
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J1,J2, - - - Jr respectively. Then the products of these Wilson loops satisfies:

Z €oiy iy iy, e’ Pir (W(Fl(n))ah Biq (W(FQ(H))QE Big * 7 (W(Fr(n))aﬁ Bip = 0. (38>

ﬁjl . 5.77

Using the identities

BirBiz~Bir — g0 507 Y §Pn 55]2 C G

eailaig"'air ail a’i2 Oéi2
(3.8) can be written in terms of traces of Wilson loops [37]:

TeW (L) TeW (Ty) - - - TeW (T,

This general identity can be illustrated for 3 loops W7, Wa, W3 (may be three plaquettes
only) in SU(2) gauge theory passes through a particular lattice site. This example is as
well an extension of the earlier two plaquette scenario to the same involving 3 plaquettes.

These three loops satisfy the relation:

Z €arazas 6ﬂ1ﬁ2ﬁ3 Wlalﬁl W2a2ﬁ2 W;SﬁS

1,002,003

51,6255
_ [%m Gy 200,58 — 80,020,526,
0, 5260780, — §0, 760,260,
+5a1’83(5a2ﬁ1(5a3ﬁ2 — 5a1515a2ﬁ35a352 e Wa2 g, Wet
= Tr(W1) Tr (W2) Tr (W3) — Tr (Wi W2) Tr (W3)
ST (W W W) — Tr (Wi Ws) Tr (W)
FTr (W WaWa) — Tr (WaWs) Tt (W))
= 0 (3.10)

It is clear that there will be more and more constraint relations as the dimension of
the lattice will increase. With the realization that there can be only one Mandelstam

constraint in 2+1 dimension given in (3.3), the identity (3.10) must not be an independent
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W, > \ W W \
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w, | [w, ||~ w || 2
2 3 W, 3 w, || w, WzH /2
@ W@ WXTC W) (e ww)(Te W,) (T W) wy) (T W) (Tr WW,)
v, 10\
— V\ —| = g
Wy | W, w, | W, /

(Tr WW,W,) (Tr WWW,)

Figure 3.3: Mandelstam identities involving three loops originating and ending at one
lattice site for SU(2) gauge theory.

one, but should just be a consequence of (3.3) and is obtained as below:

R.H.S of (3.10) = Tr(Wy) Tr (Wy) Tr (W3) — Tr (W, Ws) Tr (Ws)
+ Tr <W1W2W3) —Tr (W1W3) Tr (WQ)
—_———

I
Tr (W1 Wa) Tr (W3) — Tr (W1W2W:;1)

+ Tr (W1W3W2) —Tr (WgWg) Tr (Wl)
~———

I
—1
Tr (W1 W3) Tr (Wa) — Tr (W1W3W2 )

= Tr (W) Tr (Wa) Tr (W) — Tr (Wi WaW5 )
— Tr (Wi WsWy ) —Tr (WyWs) Tr (W)

I
Tr (Wy) Tr (Wawgl) — Tr (W) Tr (WQW,;l)

= Tr (W) Tr (W) Tr (W) — Tr (Wh) (Tr (W3Wa) + Tr (W5 W5 )
= Tr(Wy) Tr (Wy) Tr (W3) — Tr (Wh) Tr (Wy) Tr (W3) =0 (3.11)

This general Mandelstam identity for » = 3 has also been illustrated in figure 3.3. It is
practically impossible to solve all these constraints to find out the complete loop basis of
the theory. That is why Mandelstam constraints have not been solved even for SU(2) case

in arbitrary dimension and arbitrary lattice size and is still the main obstacle that one faces
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in the loop formulation of any gauge theory [21]. In [32] it is shown that the Mandelstam
constraints constitute sufficient algebraic conditions on Wilson loop variables to allow
reconstruction of the corresponding gauge potentials. In the past, the issues related to
Mandelstam constraints have been mostly analyzed in the context of SU(2) gauge group,
and that too within ad-hoc approximation schemes like small lattice/cluster size. For
example, in [20] the Mandelstam constraints are solved and eigenvalues equations are
analyzed on computer using small lattices and small loops. In [21,22] an approximate
loop cluster method in 2+1 dimensions is developed and the Schrédinger equation is

expressed as difference equations in these cluster coordinates.

But from the SU(2) example we could see that the identities (3.8) corresponding to
Migdal’s Mandelstam constraints for » = 3 is not an independent one as it can be derived
from another identity (3.3) involving only two Wilson loops. It also follows from similar
calculation, that the identities involving any arbitrary number of loops r = 4,5, ... can

also be derived using the single fundamental identity (3.3) for d=2.

In the next section we define loop states for SU(2) lattice gauge theory in terms of
prepotentials and re-examine the above issues involving Mandelstam identities within the

prepotential formulation.

3.2 Loop states in terms of Prepotentials: the non-abelian in-
tertwining and abelian weaving

The advantage of the SU(2) prepotential operators is that under SU(2) gauge transfor-
mations they transform locally as SU(2) fundamental matter fields (2.13). Therefore, the
SU(2) invariant loop Hilbert space H% can be constructed and analyzed locally in terms
of H5V)(n) at each and every lattice sites n. Let us consider all the prepotentials around
a lattice site n in a d dimensional lattice defined as : al[n,i], i = 1,2,...,2d, where we
have omitted the left or right index as shown in Figure (3.4) for d = 2. Under the SU(2)

gauge transformation all of these prepotentials transform as:

al [n,i] — a;[n,i]/\ga(n), i=1,2,..,2d.
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2
a'[2]
! —< 1
3 a%[3]|_| n 1
a'[4]
4

Figure 3.4: The 2d prepotential SU(2) doublets a'[n,i], i=1,2,...,2d around every lattice
site n shown in d = 2 by their Young tableau boxes [J. They all transform as doublets
under SU(2) gauge transformation at site n.

Hence, all possible SU(2) invariant operators at site n are the “intertwine” of any two

different prepotentials belonging to two different links. i.e,

Lij(n) = €ap al[n,i] aln, j] = d'[n,d] - a'[n, j], 4,5 =1,2,...2d; i<j. (3.12)

The *'Cy = d(2d — 1) intertwining operators L;;(n) in (3.12) correspond to putting
two Young boxes corresponding to [i] and [j] directions into a single column by anti-
symmetrizing them to construct SU(2) singlets. Intertwining between different prepoten-
tial operators has been shown in figure (3.5). Hence, the basic SU(2) invariant operators in
our theory are the SU(2) Casimirs along with these intertwining operators which serves as
the basic building blocks of any gauge invariant operator defined locally at each site of the
lattice. These set of operators acting on the strong coupling vacuum create the complete
SU(2) gauge invariant Hilbert space H V) (n) at site n. Note that L;j(n) = —Lji(n),

L;; = 0 implyies the fact that self intertwining is not allowed.

Thus a most general state in H3V®)(n) is given by:

lio liz lig l1(2d)
. 123 l24 lg(gd) 2d
i(n) ) = . > = [[ (Zum)™0), ;€ 2. (3.13)
laa—22d—1)  l2d—2(24) W
l2q—1(24)

In (3.13), Z, denotes the set of all positive integers and l;;(n)(= —l;;(n), l; = 0) are 2Cy

SU(2) gauge invariant intertwining integer quantum numbers characterizing the SU(2)
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(a) (b)

Figure 3.5: Graphical representation of SU(2) invariant intertwining illustrated for the
states |l1 ),|lo ) and |l3 ). The thick lines should be compared with the corresponding
thick lines in Figure (3.1).

gauge invariant Hilbert space at the site n. The physical Hilbert space of gauge theory
U

phys
by the U(1) Gauss law along each and every link. In Figure (3.5) we show the following

) is obtained by taking direct product of HSU® (n) for all lattice sites and weaved

three basic loop states constructed in terms of prepotentials in d = 2 :

100 010 00 1
) = 00>, 1y ) = 01>, s)y=| 1 o> (3.14)
1 0 0

The above three states ]ﬂ ) = L12L34]0), ]lz ) = Li13L44|0), |l§ ) = L14L53|0) are manifestly
local SU(2) gauge invariant as they commute with the Gauss law constraints. The states

-

|l(n) ) are also eigenstates of individual 2d Casimirs along 2d links:

— -

Jn, il Jn,d|l(n) ) = jln,d(in,d + D|i(n) ), i=1,2,3,4 (3.15)
where,
2d
2jn,i] = Y li(n), Lx(n) =lu(n), lLx(n)€ 2. (3.16)
k=1

We note that (3.16) is both necessary and sufficient condition on j[n,i],i = 1,2,3,..,2d
to get SU(2) singlets.

Note that, in terms of prepotentials, besides the SU(2) Gauss law, there also exists
an additional U(1) Gauss law. The invariance under the abelian gauge transformation
on links imply that on any link the number of left oscillators is equal to the number of

right oscillators. Every link (n,i) satisfies this abelian Gauss law by carrying N (n, ) units
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of abelian flux lines. Hence from the SU(2) ® U(1) Gauss law the flux lines must be
continuous throughout the lattice through the SU(2) intertwining at each of the sites.
Thus, all possible SU(2) invariant intertwining within HIS;U(Q) (n) and U(1) weaving of
the neighboring HgU@) (n') is geometrically equivalent to considering all possible loops

on the lattice leading to the loop Hilbert space HEV@

ohys » Where nand n' denote any two

neighbouring sites. that is:

HD T @M ") (3.17)

phys

where, the prime over the product denote it to be consistent with the U(1) Gauss law
along any link. Hence it turns out that these two picture of loops are mutually equivallent
as from any given configuration of closed loops on a lattice one can find out all the
intertwining quantum numbers [;;(n) at each site n within the loops by simply counting
the number of loop lines going from [i]"* to [j]" direction and vice versa. In the next
section we discuss the issue of Mandelstam identities in detail and solve them explicitly

in terms of the prepotential operators.

3.3 Mandelstam Constraints

—

In this section we discuss the issue of constraints, in context of the local loop basis |I(n) )
in (3.13) at lattice site n. The Wilson loop basis in terms of prepotentials in d spatial
dimensions are locally characterized by (Number of intertwining quantum numbers per
site — Number of U(1) constraints per site) = 2¢Cy — d = 2d(d — 1) integers per lattice
site. It is evident that this basis gives a overcomplete description of the physical Hilbert
space of SU(2) gauge theory as there should be only 3(d — 1) physical degrees of freedom
per lattice site. It implies that there should be 2d(d — 1) — 3(d — 1) constraints present
at each site. In d = 2, the number of such constraint is only one. We have already seen
in terms of non-local Wilson loops, that there exists only one fundamental Mandelstam
constraint for SU(2) as given in (3.3). This fact can be illustrated in a much better way
using prepotentials. As we have seen in the last section that the loop operators existing at
each lattice site are the L;;(n) operators defined in (3.12). The basic loop states satisfying

the U(1) constraint at a site of a 2 dimensional lattice are |l ), |z ), |I3 ) given in (3.14).
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Now, the six loop operators in d = 2 satisfies the identity:
(a'[1] - a'[2))(a'[3] - a"[4]) = (a'[1] - @"[3])(a'[2] - @ [4]) — (a'[1] - @ [4])(a"[2] - G"[3]),(3.18)

This identity is a consequence of the identity €,gers = 0ay035 — 0asds,. The identity (3.18)
implies that the states in (3.14) are linearly dependent:

L) =) — |iz) (3.19)

Note that, the SU(2) identity (3.3) involving link operators corresponds to the identity
(3.18) and the Mandelstam constraint (3.6) is the constraint (3.19) written in terms of
the relevant prepotential operators at site n. Note that, in terms of the prepotentials, there
exists only one identity in d = 2 in terms of prepotentials and that particular identity

(3.18) is the only Mandelstam constraint present in the theory given in (3.3).

3.3.1 The solutions

After recasting Mandelstam identities in its local form using the prepotential operators, we
will now solve them locally to find the orthonormal loop basis at each site n. Concentrating
at a particular site n we have 2d angular momentum generators and hence 2d Casimirs,
J2 =320 Jn,i)J%n,i],i = 1,2...,2d, with eigenvalues j;(j; +1). These set of operators
are contained in the complete set of commuting observables (CSCO) at n, which are given
by 4d angular momentum operators: J?, J?,i = 1,2,..,2d. Or equivalently we can also

choose the complete set of mutually commuting operators [44,57] as:

CSCO = [Jf, T2 (T4 B2 (T4 T+ J5)

(J1+ 2+ J3-~J(2d—1))2 s Tiotats tzotal] (3.20)

with J2, = (Jy + J2 4 Jyere + Jog)? and JZ,., = (J7 + J5 + JEeo + JZ,). Now, at
each site, SU(2) Gauss law must hold implying J2,, = JZ,, = 0. Hence, the CSCO

(3.20) is sufficient without last two operators in the list. Now, let us break the CSCO
(3.20) into two parts:

CSCO(I) = [Jf,J5,... 03],
CSCOUT) = |(1+B) oo (i o oo y) =242 (3:21)
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The corresponding SU(2) gauge invariant orthonormal eigenvectors are now characterized
by [44,57]

71, J2, - J2d; 125 123, -+ J12..(2d—1) = J2d) = |J1, J25 J12, 335 J123, s J2d—1, J12..(2d—1) = J2d)- (3.22)

The states in (3.22) are characterized by the maximum possible (4d — 3) “good quantum

numbers” which can be simultaneously measured at every lattice site.

The most general SU(2) loop states |I') in (3.13) are eigenstates of of CSCO(I) with
eigenvalues 7;(j; + 1), where,

2ji =) lin-

k=1
Hence, these loop states can also be characterized by their angular momenta as:

’ f> = ‘j17j27 ""7j2d7jt0tal = Myotal = O> (323)

However, this characterization is not unique, as the j;’s do not fix [;;’s uniquely. If we
consider the loop state |l) on a 2 dimensional lattice, we find that under the following
transformations of the loop quantum number, the angular momentum labeling remains

same by (3.16):

Lo —=lig+r+t, liz—ls—r+s, liy—ly—s—t,

l23—>123—8—t, l24—>124—7“+8, 134—>134+T+t. (324)

where, 1, s,t can take all possible & integer values such that [; ; > 0. To be precise, these
symmetries are the root cause of the Mandelstam constraints between the loop states. The
loop states which are mutually dependent are those which are degenerate with respect to
the CSCO(I). Or one can also say that the degenerate states with respect to CSCO(I) are
all related by the Mandelstam identities (3.18). Therefore, we can lift the degeneracy and
solve the Mandelstam constraints by demanding that the CSCO(I) degenerate eigenbasis
(3.13) to be the eigenstates of CSCO(II) as well. A complete orthonormal loop basis in
d dimension is locally characterized by (4d — 3) angular momentum quantum numbers
and are given in (3.22). Among these, 2d are eigenvalues correponding to CSCO (I). The
remaining (2d — 3) eigenvalues of CSCO(II) are not free and have to satisfy the triangular

constraints:

712, e—1) = Jkl < 12k < Jrooe—1) + Jk, K =2,3,...,(2d = 1) (3.25)
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along with jio.(2q-1) = Joa-

3.3.2 The triangular constraints

The angular momentum labelling of the physical Hilbert space has been explored in lit-
erature in the context of duality transformation in lattice gauge theories [44] in terms
of triangulated surfaces [57]. In this section, we discuss the solutions of the triangular
constraints, which represents triangulated two dimensional surfaces together with inter-

twining or loop quantum numbers (l12, lis, . . ., l(2d-1)(24d))-

The SU(2) loop states characterized by |71, ja, ..., joq) in the mapping (3.23) is consis-
tent with the fact that, >, lix(= 2j;), which gives the number of Young tableau boxes on
the [i]"* link. It intertwines with some other boxes in some & link, and the remaining
flux is again available to intertwine with some other angular momentum. To illustrate
this in our present scheme of angular momentum addition, Let us first consider (1,2)
plane. To get the state |1, J2, ..., joq; J12) from the degenerate state |j1, j2, ..., joq), We need
to intertwine (antisymmetrize) I35 boxes from 2j; boxes with /35 boxes from 2j, boxes so
that we are left with 2515 boxes in the (12) plane. Therefore, 2j10 = (271 —l12) +(2j2 — l12).
This process is sequential and can be repeated to get the eigenvalues of the CSCO(II)

also in terms of the linking numbers:

lis = J1+7J2—Ji2
lis+1ls = Jia+J3— Ji2s
by +loa+1l3a = Jroz+Ja— Jiasa

(3.26)
Liay + lagay + -t liay = Ji2..(2d-1) TJ2d — J12...(2d) = 2J2d
=J2d =

Given j;o at a lattice site, the top equation fixes l15, the next line fixes l;3 4 lo3 in terms

of jio and jio3, and so on. Together with (3.27), the following relations also hold for



Chapter 3. Prepotentials and Loops 33
d-dimensional lattice:

271 = lhp+hs+... .+l
2j2 = loz+loa+ ...+ lz2q) + li2
293 = lza+ 135+ ...+ 304 + 113+ 123

25 = Z lzk+zlim (3.27)

k=i+1

2j2q = liay + liay + - - + l2d—1)(2q)

Note that, the left hand side of each of the above set of equations gives the total number
of Young tableaux boxes present on each of the 2d links meeting at the site. The last
equations in (3.27) and (3.27) are exactly same, which is an identity as is already con-
tained in (3.16).

In [29] all orthonormal loop states has been constructed in terms of prepotentials in-
tertwining operators. SU(2) coherent states were used to construct the states together
with the appropriate interpretation, modification and generalization of the techniques

developed in [33]. We just quote the result below.

The orthonormal loop states for a d dimensional lattice are derived [29] as:

| LS)n = |1, Jos --Jod; 12, G123, -+-J12..(2d—1) = Jod) Z H "0} (3.28)
@

1<J

The prime over the summation means that, the linking numbers [;; are are summed
over all possible values which are consistent with (3.27) and (3.27). This summations is
taken to construct orthonormal and complete basis out of the degenerate eigen states of
CSCO(I). The normalization constant in (3.28) can be calculated exploiting the SU(2)

coherent states and is obtained as [29]:

N(j) = N(j1, j2, j12) N (J12, 73, J123) N (J123, Ja» J1234) - N (J2d, J2d, 0) (3.29)

D=

where N(a,b,c) = [%] : [(—CH— b+c)l(a—b+o)l(a+b—rc)!
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Considering the equivalence between the angular momentum quantum numbers and
the linking quantum numbers in (3.28), we can find the origin of over-completeness of the
loop basis as well as the Mandelstam identities explicitly. Let us first consider the d = 2
case. We see that the linking quantum numbers are related to the CSCO in the following
way (3.27,3.27):

271 =l +lis+la , ho=J1+J2— Ji2
290 =log +log + lia , i3+ laz = Ji2 + J3 — J123

293 =laa +lis +lag , lia+loa 4+ l3a = J123 +74 — J1234 (3.30)
e

This above set of relations imply that the linking quantum numbers /;; and angular

momentum labeling of the loop states are invariant under,

lio—=lig, iz —=ls+p, liu—=liu—p

log = las —p, log — loa +p, 34 — laa. (3.31)

Note that these relations can as well be obtained from (3.24) only imposing the constraint
that [y is fixed. That implies r = —t in (3.24), and p = t 4+ s. Further note that, the loop
states characterized by the linking quantum numbers, which are 6 in number for d = 2, are
the overcomplete loop basis defined locally at each site of the lattice. The orthonormal
loop hilbert space is spanned by the angular momentum basis |ji, jo, J3, J4, j12). The
mapping between these two basis is arbitrary upto a single parameter which denotes that
there exist only one Mandelstam constraint between the overcomplete local loop states
7).

This analysis remains exactly same in any arbitrary dimension d. For example in
d = 3, the orthonormal loop basis is characterized by °Cy = 15 quantum numbers. The
corresponding angular momentum basis can also be obtained in the same way. Similar
study also shows that the orthonormal basis is fixed with a set of symmetries in the
liking quantum number. That symmetry is by 6 arbitrary parameters which denotes that
there exist six fundamental Mandelstam constraints for d = 3. Let us also illustrate the

example for d = 3 explicitly. The loop state characterized by linking quantum numbers
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is as follows:

l16

l26 6

o > — T s ) (0}, 15(n) € 2.
lag W

l56

whereas, orthonormal loop Hilbert space is spanned by states:

|LS) = |71, J2 J12, J3, G123, Ja J1234, J5, J12345 = J6)

35

(3.32)

(3.33)

The linking quantum numbers (3.32) represent the same loop state but are arbitrary upto

the following transformations:

lip — o

lhs — lLs+p

lag — s —p1

liy — lig+p2—p3
log = laa+p3—pa
lsa — l3a+Dps—p2
lis — lis+p5 —pe

las + p6 — ps

I35 + 2ps — p3 + p2

las — 2p5 + p3 — p2

lie +ps —Ps+p3s—p2— D1
lag + pa — pe + p1 + Ps — ps3
ls6 —P5 — Pa

lss + 2ps — p3 + p2

l56

(3.34)



Chapter 3. Prepotentials and Loops 36

compatible with the relations:

271 = hot+liz+hatls+ls
he = Ji+J2—Ji2
2j2 = loz+ g+ los + l26 + l12
his+los = Jiz+J3— Jizs
2j3 = lga+ 135+ 36 + 13+ l23
la+loa+1l3a = Jizs+ Ja — Jiz2sa
2ja = lis+lae + lia + log + l34
his +1los + 135 +lis = Ji2sa +Js — Jo
25 = lse+ lis + los + I35+ lus
lio + lo6 + 136 + lss + 156 = 2Js (3.35)

Note that, there is six arbitrary parameters pq,...,ps in the linking quantum number
labeling which is equivalent to the six Mandelstam identities present for three dimensional

SU(2) gauge theory.

The most important fact about the construction (3.28) is that the equivalent construc-
tion of orthonormal loop basis in terms of intertwining operators L;; and intertwining
linking numbers [;; in arbitrary dimensions becomes extremely involved and complicated
in terms of the link operators U, and the angular momentum quantum numbers. In that

case the states
|j1 ) j27 le; j37 j1237 ceeey j?d—l ) j12..(2d71) ) jtotal7 mtotal>
can be obtained by using Clebsch-Gordan coefficients:

o . N J12..2¢=0m12..24=0
715 J2s J12: 735 J1235 o J12.(2d-1) = Joa) = Z lez‘_@d_l)mm“@d_n,jgdmzd

—

m

Jjizmaiz,jzms ~ jimi,jame

2d
Lofmma creme T @ldma). (3.36)
=1

However, in such approaches one must deal with gauge non-invariant Clebsch Gordan
coefficients [58]. In this situation the only way out is found to be the use of graphical
methods. In contrast, the construction (3.28) is in terms of gauge invariant intertwining

numbers (not angular momentum) which makes it simple.
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3.4 Summary and discussion

In this chapter we have discussed the loop formulation of lattice gauge theories emphasiz-
ing on the overcompleteness of the loop Hilbert space. We have illustrated in this chapter,
how prepotential formulation enables us to overcome the problem of overcompleteness in
loop Hilbert space and to construct complete and orthonormal basis for physical Hilbert
space of Lattice gauge theory. For the purpose of illustration we took SU(2) group as
an example. The full analysis consists of systematically solving Gauss law constraints
and characterizing the states by linking quantum numbers, which solves the triangular
constraints, then the solution of Mandelstam identities are obtained in terms of states
characterized by angular momentum quantum numbers. Thus apparently highly non-
local and formidable Mandelstam constraints in terms of the link operators were cast and
then solved locally in terms of the prepotential intertwining operators. The manifestly
SU(2) gauge invariant techniques involving gauge invariant local intertwining prepotential
operators and intertwining/linking quantum numbers have direct geometrical interpreta-
tion in terms of loops. In the next chapter we consider the dynamical issues of the theory

and explicitly calculate the dynamics of orthonormal loop states around a plaquette.



Chapter 4

Loops and Dynamics

As discussed in the previous chapter, the space of non-local Wilson loops is spanned by a
overcomplete set of loop states satisfying the Mandelstam identities amongst themselves.
The actual dynamics of the theory can only be obtained by studying the action of the
Hamiltonian on all possible loop states. However, in the loop formulation of lattice gauge
theories the dynamics of the Hamiltonian has been studied only within a truncated basis.
The truncation of the loop basis is originaly motivated by the Strong coupling expansion,
where only a few loops of smaller lengths and fluxes contribute to the spectrum. This
understanding was applied to non-perturbative study of loops where the Hamiltonian is
diagolnalized numerically within a truncated basis [18,20,22]. These small set of loops are
considered to form a cluster, within which the dynamics is studied. For example, in [22],
the cluster is considered to be consists of only three different loops constructed on the
lattice. The orthogonal loops are a single plaquette, double winding of a plaquette and
two adjacent plaquette with one link common. Clearly this approximation is quite crude
and far from the real dynamics where all the loops interact among themselves via the
action of the Hamiltonian. Another similar attempt [18] to understand the dynamics of
the gauge theory involved the study of the lattice Schrodinger equation. In this work the
eigenvalue equation is mapped to a discretized version of Mathieu equation, but again with
an abrupt trucnation of the physical basis. In 341 dimension the orthogonal loop states
created from vacuum by upto three actions of the Hamiltonian [18], i.e loops involved with
three plaquettes which are 39 in number was considered to study the deformation of the
loops by the action of Hamiltonian and finally to study the spectrum. The Hamiltonian

was diagonalized numerically within this basis and mass gap was calculated. Another

38
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work to be mentioned is [20] where, all the orthogonal loops upto a maximum length of
12 lattice units existing on a 4x4 lattice were considered. The number of possible loops
actually grows exponentially with increasing length. Hence it becomes computationally
tough to solve the Schrodinger equation within that basis. In [20], the Hamiltonian is
solved within the basis spanned by 8660 independent loop states. It is worth mentioning
that the Hamiltonian matrix written in loop basis is a sparse one, i.e most of the matrix
elements are zero as only a few loops interact among themselves through the single action

of Hamiltonian.

However we have already seen how the prepotential formulation enables us to construct
the exact and orthonormal loop basis present locally at each site of the lattice. Having
constructed the orthonormal loop basis at each site, we are now in a platform to calculate

the loop dynamics in terms of prepotentials.

4.1 Dynamics within local orthonormal loop states

To discuss dynamics of loops, we consider pure SU(2) lattice gauge theory Hamiltonian [2]:

H=3"S E*(ni)E*n,i)+KY Tr (UD + Ug) (4.1)
O

n,g a=1

For calculational simplicity we consider the lattice to be in dimension two in the beginning.
Let us consider a plaquette abed as shown in the Figure (4.1). Using (2.24), we write the

gauge invariant TrUp over abcd in terms of the prepotentials:

laquette

TrUasea = Fasea| (a'[1] - a'[2)), (a'[2] - @'[3)), (a'[3] - 67[4]), (a'[4] - a"[1])

c d

4

+Zw(zi)+ S oalmly+ > 7r<zi)7r<zj)7r(zk)+w(zl)w(zgw(zg)w(u)}Fabcd

i,j>i=1 i,>i,k>j=1

= > Huyy (4.2)

afyé==%

where Fueq = F(11)F(I2)F(I3)F(l4). In (4.2), there are sixteen SU(2) ® U(1) gauge
invariant terms which are produced by substituting (2.24) in the Tr(Upiaquette) term of the
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de'l a3 ¢
a'[4] a'[4]
a'[2] a'[2]

A a'n a'[3] b

Figure 4.1: The plaquette abed with the corresponding prepotential operators from Fig-
ure (3.4).

S aalalnlnlutals

plaquetres

REnEatRalaDE.

Figure 4.2: Pictorial representation of (4.2). The solid line along a link implies increase
of flux along that link whereas dotted line means decrease of flux.

Hamiltonian. The first plaquette operator on the r.h.s. of the top equation in (4.2) is
written explicitly in terms of the prepotential intertwining operators at lattice sites a, b,
c and d in Figure (4.1). The action of the first term is to increase the angular momentum
flux by % units on all of the four links of abed and therefore we represent it by H .
The other 15 terms changes the flux over the plaquette in all possible way keeping the
U(1) Gauss law valid for each link. All those actions can be understood by the action of
7. The single 7 operation at any of the 4 links (I1,(s,(3,14) acting on H, ,, produces
4terms: H_,  H, _,  H_  H__ . Similarly, the double 7 operation produces 6

operators: H H H H H H,, __. There are four 3 m terms in

gy gy iy g
(42): H,___ H . _,H _, H ___. Finally, the 4 7 operation on all the four links
produces a single term: H____. Note that (Ham(;)T = H_, 5.4 This decomposition

is pictorially illustrated in figure 7.40 where, the dotted line denotes the 7 operation on
that link. The advantage of the form (4.2) is that now this magnetic field term can be
analyzed locally at four sites surrounding the plaquette a, b, ¢ and d in the manifestly

SU(2) gauge invariant way. The loop state around a plaquette |jupeq) can be written as
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Figure 4.3: Angular momentum addition scheme around a plaquette
see figure 4.3):
figure 4.3
Javea) = |71757554512) @ |7175d37802) © 175 7555557%2) © 151559571 5%)-

To satiafy the U(1) Gauss law (see Figure (4.3)):

It =03 = G5 =05 = ey J5 =01 =, Ji =5 =

41

(4.3)

(4.4)

We now compute the matrix elements of TrUyp.q directly within the loop basis (4.3) in the

next section using generalized Wigner-Eckart theorem and Biedenharn-Elliot identities.

4.2 Explicit Computation in 2 dimension

The electric part of the Hamiltonian (4.1) simply counts the abelian flux lines without

changing the loop states. The action of the magnetic field term in (4.2) on the loop states

is non-trivial. We now calculate the matrix elements of TrUg in d=2 below.
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Let us define the square root of the multiplicity factors and phase factors:

M(z,y,...) = VQr+1)2y+1)..., (4.5)
(=1)"*t¥+2 (4.6)

n(x,y)

for later notational convenience.

The matrix elements of an intertwining operators Li» = (a'[1] - @'[2]) in the correspond-
ing angular momentum basis |j1, Jo, J12,m12) are given by the generalized Wigner Eckart
theorem® [38, 39]:

(J1, 2, 12, Maz| (a'[ T12]) |51, g, 12, ma2)
0. . .
= V2 <J1,32>J12,m12| (GT[ |® GT[Q])O |J1, J2, J12, Ma2)
o ) 0 i3
= V2 (=1)027m12) TI(j},, 710, 0) J12 . Jo Jo 3
—miz 0 my = :
Jiz Jiz2 0
X (alla’[1]]51) (ol laT[2]]]52) (4.7)
In (4.7), (aT[1]®aT[Q]) = D e 1 C’??nlmcﬂ b with ayi = ai, a_y = az. The
19
reduced matrix elements of the prepotentlal operators are given by?
Gllalli) = 1G9 8,1, Gllal 1) = TG, 7) 65,11 (45)

'The WignerEckart theorem is a theorem of representation theory and quantum mechanics. It states
that matrix elements of spherical tensor operators on the basis of angular momentum eigenstates can be
expressed as the product of two factors, one of which is independent of angular momentum orientation
(the reduced matrix element), and the other a Clebsch-Gordan coefficient. The theorem reads:

(G, m|TE15'm') = GIIT*15") Clar

where T(f is a rank k spherical tensor, |jm) and |j’m’) are eigenkets of total angular momentum .J2

and its z-component J,, (j||T*||j') is the reduced matrix element having a value which is independent of
m and ¢, and C,ij e = (7'm/; kg|jm) is the Clebsch-Gordan coefficient for adding j" and k to get j.

In effect, the WignerEckart theorem says that operating with a spherical tensor operator of rank k
on an angular momentum eigenstate is like adding a state with angular momentum k to the state. The
matrix element one finds for the spherical tensor operator is proportional to a Clebsch-Gordan coefficient,
which arises when considering adding two angular momenta.

2Reduced matrix element of any operator Oy, is calculated as:

. ) 2J +1 i'm’ . .
IO = 57 O Chmaarld'm' 103 ljm)

m’,m

Note, J =1/2, M = +1/2 for a' and J = —1/2, M = ¥1/2 for a.
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. . . J1 J2 Ji2

The coefficients < I ), j3  ja Jjza o represent the 35 and 95 symbols
my Mo Mg . B .

Jiz J24a ]

respectively. Using the values [38]:
fo 0 e} _ (e
—miz 0 myo o H(j12) Ji2,912%mM12,M12)
T
A
Jiz Jiz 0

_ (—1)7r+atizti . {j1 i 1 }

I1(3, j12) il G P P P

we get:

- - - _ . . . 4 . - j j 5
(]1,J2>]12,m12|L12|]1,]27J12,m12> = 5]'12,312 mlz,mu(—l)mn(]ldz){ .1 —.1 2 }
J2 J2 J12
(alla[1]151) GallaT[2]]]72).- (4.9)

Note that (4.9) can also be checked by directly applying the above intertwining op-
erator on the loop basis to get it’s matrix elements (4.9) algebraically. It is clear that
the intertwining operator L, = af[1] - a'[2] increases the fluxes j; and j, by 1 units each.
Further, as Ly, commutes with the (J[1] + J[2])?, the matrix elements are diagonal in j;,
and mjs. The matrix elements of the intertwining operators in the geometrical form (4.9)
also tell us that all the 16 terms in 5 5, H,g4; in (4.2) differ only in their reduced
matrix element structures. Therefore, we need to compute the matriz elements of only
a single term in (4.2), providing enormous simplification at the algebraic level. Let us
choose this term to be the first term in (4.2) associated with the plaquette abcd in Figure
(4.1):

Ho = Fue(a'[1]-a'[2)), (a'[2] - a'[3]), (a'[3] - a'[4])_ (a'[4] - @'[1]) , Fupea  (4.10)

d

a Cc

In computing the loop dynamics below, it is required to change the angular momentum

addition scheme suitably,

715 25 33, Ja, Jr2) = |91, J2, 12, I3, J123(= Ja)s Jas Jtotal = J(123)(a) = 0)
= |(j1, 32)J12: (U3, Ja)Jsa(= Jrz)s Jrotar = Ja2yzay = 0) = |(J1, J2)da2, (3, Ja)gre)  (4.11)
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The equivalent scheme on the right of (4.11) simplifies the algebra. The relation (4.11) is
obtained by writing:

|71, J2, 73, Jas J12) = Z Cj13;21123’j4m4051122$r£;152m3|j17j27j12am12>’j3m3>‘j4m4>

all m
0,0 ... ... . SN AN
= E gCj12m127j34m34|]17]27]127m12>|]37j47.]347m34>_|(]17]2)j127(]37]4)j12>'
all m j3a
We have used:
o jaera
tams jama:—( ) P P T —
123723741y H(]4)
_1\jitmg . .
(DA™ cjgomg 00 ot
H(]Z) Jiamia.jzms Jiamia.ifa—miy T J3ms,iims -

Note that the normalization operator Fy.q in (4.2) acting on the loop states gives
|jabea) defined in (4.3)and (4.4):
1
Fabcdljabcd> - . . . |jabcd> (412)
I(j1, j2, J3, Ja)

Therefore, we only need to compute the matrix elements of the intertwining operators in

(4.10) in the orthonormal loop basis |j1, j2, js, ja, J12-

Loop dynamics at a:

In H,_, ., above, the intertwining operator at a is (aT[l] -al [2])a. Using (4.9), one

directly gets:
G&EJ;JZJ&’(@TM ’ &T[2])a‘j%7jgajg>j27jf2> = <_1)jf277(j?7jg)djgjg(sjgjff&jfg:;?z

a sa 1

J J 2 ~a a\ /7a ‘a

X { "0 o }<Jl la (11157 Gz lla™[2]]]55) (4.13)
J2 J2 Ji2

The intertwining operator (af[1] - af[2]) increases the SU(2) flux on the links 1 and 4 of

Figure (4.1). Note that this information is contained only in the last two reduced matrix

element terms in (4.13).
Loop dynamics at b:

The intertwining operator at b in (4.10) is (a'[2] - af [3])b. To compute it’s action at b,
we write the loop states (3.28) in terms of the basis states which diagonalize (J[2]+ J[3])2.
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This is done by changing the angular momentum coupling scheme at site ‘b’ by the

following relation [38]:

b b
..... b ] ] ] bbb b
303508y = (—1)UitiEHita) E H]127]23){ b }J?]S]é’]i’]é’&
J3 J123 Jz:s

123
b b
by by by b . . 1 J j .....
= (=)D Y H(J%Jé’g){ 3 a2 }IJ?JSJQJZJ&%) (4.14)
b J3 Ja J
23

In (4.14), [57757375753) = 171 (7533), J55: Jios = J4 Jiasa = Miasy = 0). Note that the phase
factor (—1)(Jl+32+33+34) in (4.14) is real because of the triangular constraints on the angular

momenta or equivalently (3.16). Now we use:
0730 15%) = (— 13335050053 = i) (4.15)
and (4.9) to get:

<§fa§3a§§a§ia§i)2| (aT[Q] ’ dT[B])b |J%J37J§7J27]f2> ( 1)]2+]3 ]2 ]377(]27]3)5311’,]15327321_[(]?27552)

.b .b .b .b ib .b ﬁb ib .b
ib . Jz J2 J23 J1Ja J23 Jz J2 Ja23 byt b\ /b 1 b
<—>323H2<f>{. 2 }{ i }{ | }(JHG[Q]HJ)(J ' 311128
2 S WO LA 1 B LA LA 1 B L O | S T e 2 ’

j23
The summation over j%; in the last line above can be performed using Biedenharn-Elliot

identity [38]:
q s
b ¢
q

sevwof Lo
p+aq+s).

r=(a+bt+ct+d+e+f+p+

Finally, the loop dynamics at lattice site b is given by:
=b =b =b =b ~ . . . . . by ;b b =
<Ji)7.]g7.]g7.]27.]i)2‘ (aT[Q} ’ CLT[B])b ‘J?a]§>]§>]Z>]?2> = (_1>]1+J47](.]g7.]§)7](.]127j12>6]§’,]21’532,]4

H(jm,m){%” o M U Gt GBI (@10

]3 J3  Ja ]2 J2 ]1

Note that the intertwining operator (af[2] -a'[3]), changes the flux in the links 1 and 2

as it is clear from the reduced matrix elements as (4.4).
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Loop dynamics at c:

The suitable angular momentum coupling scheme to calculate the matrix element of
the operator (a'[3] '&T[4])C is |j1, 72, J125 J3s Jas J34 = J12, J12sa = 0,mi234 = 0). Hence we
use 4.11 to write At ¢, we use (4.11) to write
to get:

(3535, 35, 355 3521 (a¥[3] - @' [A]) 15, 45, 55, 45. 35a) = (=120 (55, J5)0je jeOe s e, e,

‘c e 1
Js J 2 e ¢\ /7c -c
{ e o s }<93HGT[3]|Ug><]4||aT[4H|J4> (4.17)
Ja Ja Ji2
Again note that the change in the flux is on links 2 and 3 from the reduced matrix elements

and equation (4.4).
Loop dynamics at d:

In this case the a'[4] - a'[1] is easily computed within the basis |j1 7232374741 = J23)-

Hence to compute the loop dynamics at d, we write:

9L g g4, 54, 5%y = |54, 34, 5%, 4, 54, 54 (= 54))

d d d
idy sd_sd d d -d -d /1 )2 2 d .d d ;d .d
- Z(_l)]?’ﬂr]lgn(ﬁzaj347j147j23) 74 74 44 = Jia |j4,j1,j14,]2,j3,323>
it Jth jgza:jfzi 0
d o d
-d . . id sdy sdysd | ] J ] .
= (_1)%1ZH(Jiiza]1114)(_1)]1+32+]3+]4{ -1d -?1 12 }Uf ]f,]f47327337323> (4.18)
2 J3 I3 Jta
In (4.18), we have used
s g gttt 1 a1 3
g8 gt o= (SRR (T, 5) {-d i }
J3 J3 J1a

ja i 0
Finally, using (4.18) and the Biedenharn-Elliot identity, the dynamics at d is given by:
- - - id id . = . -
<]17jga]ga]za]ij2 ( [4] ' [ ]) |Jf7]gajgajfllv]12> ( 1)]2+]377(]461l’j?)n(]?%]{%)
1

]12 jijz 5 Jl2 3?2 : =d .d\ /=d .d
5,1360,0 511 u>{ iz ] }{ 2 3 }<J4||a*[41||y4><yl||a*[1J||j1><4.19>
3

jt gt 44 it gt
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Again note that the change in the flux is on links 3 and 4 from the reduced matrix elements
and relation (4.4).

Loop dynamics at abcd:

As stated while computing dynamics at individual site,

Grlla' [U]1158) = Gslla'[3]]17s) = T(x, 31)85, 4
(alla' 21[152) = Gilla'[4]1175) = 1102, j2)35, 41
(slla'[3]1175) = Gilla [U1157) = TL(s, J3)05, g4 1
Gillal[411155) = Gsllal [201155) = TG4, 34)65, 2

Using the U(1) identifications and (4.12), (4.13), (4.16), (4.17) and (4.19) and merging

all these equations carefully, we get:
(S 5 ja (S ib = (S ib b(s ic 85

<]ade|TrUade|]ade> 533733 343§ V589,312 Y3%,5% 938,58 058 35 12735635273125]2 325]571

1 ic by by sdysd=, . TNF /- TNTI/ - TANTYI/ - T NTY/ - 7 = . 7
(—1)72 4782 (— 1) STy 5y ) TT (oo ) T (s i )L (aia) T (32 80 ) T (i)
{ ' 51 % }{ Jj)z 5%2 % }{ jj’g 3?2 % }

4 Ja J% JiooJ1 7 jo Jo Jb

{ 23 53 % }{ j_f2 5?2 % }{ jle jf2 %
J2 J2 Uiz js  Js s ja ja J§
In (4.20), II(a,b) = (—=1)****211(a, b). Note that II(a,b) are symmetric I1(a,b) = T(b, a)

and real. We have ignored the 16 ¢ functions HZ 1 <

reduced matrix elements in (4.8) as they are already contained in the six 65 symbols in
(4.20).

—_

Sl S
~

Ny

(4.20)

]17]1

4105, _;) coming from the

The final result can be written in a more compact form as:
1

i 1 iy l .b _.b
<jabcd|TrUabcd|jabcd> = Mabcd{ z 1 2 }{ j12 j12 2b }{ ]—12 JIQ
Ja Ja Jia JiJ1 U4 J2 )2

{Z?; 53 % }{j_fz jfz %}{j_ﬁ 3?2
Jo Jo G5 Js Js j9 Ja Ja J

N[

|

} (4.21)

.
= o

wa Nl
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Figure 4.4: From loop kinematics to loop dynamics. (a) The angular momenta satisfying
SU(2) Gauss law on the dual lattice, (b) The matrix elements (japca| TrUsped|jabea) With
X = % (also see [57]). The six tetrahedron are the six 6j symbols in (4.21). The unchanged
j lines represent the delta function and a e over a j line represents the factor (—1)/I1(5)
leading to M peq in (4.21).

In (421)7 Mabcd = Dabchabchabcd Where:

abcd—éa a6 a(S 5bb(5bb(5cc5 (5(:

R YR ) 312 J1:317 34,347 35:37%35 J2 J12s ]12(3]27]2(5]3,]3
Nabcd =1I (]lajla]27]2a]3a]37j47]47]127]127]127j12) (422)
Papea = — (=1 IR0 ( 1) 3090552 A (4, Gy, §15) A (G2, T3, I12)

§)A(]127]127§)‘

A(ji)%jf%

In (4.22), Dgpeq describes the trivial § functions over the angular momenta which do
not change under the action of the plaquette operator (4.2), Nypeqg and Pppeq give the
corresponding numerical and the phase factors respectively. The multiplicity factors are:

(z,y,..) = /(2z+1)(2y + 1)... and A(z,y, z) represent the phase factors associated
with a triangle with sides x, y, z: A(z,y,2) = (—1)*"¥"* = A(x,y, z) = £1. The matrix

elements (4.21) describe the dynamics in the loop basis (3.28) and can be geometrically
represented by the Figure (4.4b). This dynamics contains three physical discrete angular

momentum loop co-ordinates numbers per lattice site. The matrix elements (4.21) have



Chapter 4. Loops and Dynamics 49

been obtained® in the context of dual description [57] of (2 + 1) dimension lattice gauge

theory in terms of triangulated surfaces. It is easy to see that the matrix elements in

(4.21) are symmetric: the 6j symbols satisfy { % v } = { . Zf “ } and the factors
gy v y g
D apeds Napea and Pypeq are individually symmetric under japeq <= Javeq- The matrix elements

in (4.21) are also real as TrUpjaquette 1S @ Hermitian operator. This reality can again be
easily seen as the 6j symbols, Dapeq, Naped, 2(abe) are themselves real. The remaining two
phase factors (—1)71+2+31+3 and (—1)ds+ia+i2 45 in P, are real because (jy, j, 77, 72) and
(43, 74, 74, 74) are the coordinates of the loop states at b and d respectively. Therefore,
(3.16) implies: j; + jo + j° + i = Integer, js + js + j§ + j¢ = Integer = Pyyeq = *1.
We also cross check the d = 2 result (4.21). As the six 6j symbols and the ¢ functions in
D peq are geometrical in origin, we only need to check the numerical and the phase factors
Napved, Papea respectively. For this purpose, we replace TrUy,q by the identity operator
Z. Now we only have to replace % in each of the six 6j symbols in (4.21) and in Pp.q in

(4.22) by 0. Using the value { (Z—j Z 2 } = (=1)"t5, 20, 5 (I1(a, b)) ™", we get:

—N—
Sl
o~

1 51 0 }{ Jj’z ZJ12 ]12 }
4 Ja Jia 1N J2 '2

. - .d Td

3 J3 0 }{ Ji2 Ji2

2 J2 Jio J3 I3

Ji’}{
0}{]2 912 }
g Ja Ja

O: 70: 70: 75.0: 505 7 0.d

31,91 Y%52,52Y53,53 54,74 9 585,58, 0,58,

)
Nabcd Pabcd

—N
ol <
%)

(4.23)

Geometrically, the equation (4.23) corresponds to putting X = 0 in the Figure (4.4b).
It implies (JabealZ|jabea) = 05,p.0ju.y CORfirming the numerical and the phase factors in
(4.21). We now write (4.21) in a more compact form which can be directly generalized to

higher dimension. Henceforth, we ignore Dg.4 representing trivial § functions in (4.21).

30ur phase factors in (4.22) are different resulting in real and symmetric matrix (japea| TrUqped|jabed)
n (4.21).
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Figure 4.5: The 185 ribbon diagram representing exact SU(2) loop dynamics without any
spurious gauge or loop degrees of freedom in d=2. The interior (exterior) edge carries the
initial (final) angular momenta and the six bridges carry the angular momenta which are
invariant under the action of TrUg. The six bridges along with the respective four angular
momenta attached represent the six 65 symbols appearing in (4.25) with j; = j; %

We write:

7“ x jl jl X
<]abcd’TTUabcd|]abcd abcd 2ZL’ + 1 +2 { - . -a }
Z Ja Ja J12

{j4 J4 x }{j_ilz i w }{js 23 x }
it i g4 Js  Js J9 J2 J2 Jis

R -
J2J2 X Jiz Jiz X < > Lo
{ Jta dby 4 }{ o 5 }H Gogitd T erf ( )

=1

J1 Ja 7t J3 Jo 3%
—Nawa | gt B g 3| T (0 + )
J1 Ja JfQ J3 Jo ]?2 =1

7

~
18j coefficient of the second kind

The 18j symbols in (4.25) are shown in (4.5). Note that P (= (—1)""!) in (4.22) is
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precisely the phase factor needed to define 18j symbol [39] in (4.25). Further, the 12
triangular constraints in (4.25) at the 12 vertices of the ribbon diagram in Figure (4.5)
are already solved in terms of the linking numbers. Therefore it is only the value of
the 3nj = 187 (n = 6) symbol which is important. The form (4.25) also makes reality
and symmetry of (Juped| TrUabed|Jabea) manifest as 3nj symbols of second kind are real and
symmetric:

Ji Jao U s Jr Jh

Ji2 74 js 2 J1 Ji

L J1 Ja it J3 J2 It |
hn Ja jilz J3 J2 5?2

= JTo j§l j2d J12 J{) jff
L J1 Ja Jts J3 J2 it

Before going to arbitrary dimension, we make the following simple observation. Let
AN,, © = a,b,c,d denote the number of angular momenta appearing in the loop states
|7abea) in (4.3) which change under the action of the plaquette operator TrUgy.q at lattice

site x. In the present, d = 2, case:
AN, =2, (78,); ANy=3, (%8 7%): AN.=2, (55 ANa=3, (5%, jd j%).
a y \J1sJ2)5 b y \J2:73:J12) 5 c y \J3,J4) 5 d y \J1>J45J12

The U(1) identification (4.4) implies double counting on each of the 4 links of the plaquette
abcd. Therefore, the number of angular momenta which change under the action of the
plaquette in the (12) plane: AN(12) = AN, + AN, + AN, +AN; —4=10—4 =6 = n.

This analysis will be useful to generalize the loop dynamics to arbitrary dimensions below.

4.3 d dimension

It is clear from the previous section that the loop dynamics in d dimension is also given
in terms of 3nj symbols. However, in arbitrary d dimension, n will depend on the orien-
tation of the plaquette. We will now compute n. We consider the plaquette abed in the
(I,K),I < K plane as shown in Figure (4.6). Like in d = 2, we consider the loop states
over the plaquette abcd:

ased) = |LS)a @ |LS), ©|LS). ® |LS)q (4.25)
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dl i3 d+le

d+K d+K 2 X X 5 X X « X
Yol il h Jk ha1 Jog
j4 jz
K K ‘X :X . X T o

(a) (b)

Figure 4.6: (a) The plaquette abed in the (I, K) plane in d dimension. We choose
I <K, 1<I<dand1l < K <d, (b) The angular momentum addition scheme at
site x (=a,b,c,d). Note that j7 and ji, appear twice in the scheme. The § functions are
subtracted in (4.26) to avoid this double counting.

where |LS)i—apea = [7,75, 12, 55 Jiass s JT Jors - ks Ji2od ko "'-aj;:d—l’ji:z.@d—l)(:
J51), j5s.0). We now have to count the the number of angular momenta in (4.25) which
change under the action of the plaquette operator TrUg in the (1K) plane. With the
choice I < K (1 <I<d,1 < K <d), we have:

AN, =2+ (K —I) =011, ANy=2+(d+1) - K,
AN, =2+ (K —1) = 6xa,  ANg=2+(d+K)—1—01—6xa  (4.26)

This implies:
AN(IK) = AN, + AN, + AN. + ANy — 4 =22+d+ (K —I) — 611 — 6x.a) = n(IK(4.27)

Like in d =2 case, we have subtracted 4 in (4.27) because of U(1) gauge invariance. Note
that for d=2, AN(12) = 6 and for d=3, AN(12) = AN(13) = AN(23) = 10. The d = 3
loop dynamics is explicitly shown in Figure (4.7) where we have used the notations from
Figure (4.6a), i.e.:

(I =1,K =2) = (12) plane : j{ = j% = 71, jb = ji = jo, j§ = ji = js, j& = 45 = ju,
(I =1,K =3) = (13) plane : j{ = jb = j1, j% = j§ = jo, 75 =7 = ja, j& = 3§ = ja,
(I =2,K =3)=(23) plane : j5 = jb = ji, j5 = j¢ = jo, j¢ =75 = js, & = j§ = ju.
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Figure 4.7: The 305 ribbon diagrams representing exact SU(2) loop dynamics without

any spurious gauge or loop degrees of freedom in d=3: a) (12) plane, b) (13) plane, c)
(23) plane. The angular momenta ji, jo, j3 and j4 are as shown in Figure (4.6a). The
initial (inner) and final (outer) angular momenta differ by 1.

It is clear from (4.27) that in higher (d > 3) dimension AN (/K) depends on the orienta-
tion of the plaquette. The corresponding 3n(/, K)j symbol describing the loop dynamics

in the above angular momentum addition scheme can be easily written down.

4.4 Summary and discussion

In this chapter, we have calculated the dynamics of the theory within the orthonormal
loop basis defined around a plaquette. The matrix element of TrUpuquerte Within the loop
basis comes as 3nj symbols. This result can further be used to calculate the spectrum of

the full Hamiltonian.

Having established the advantages of prepotential formulation with the illustration via
SU(2) group over the last three chapters, we now generalize this approach to SU(3) lattice
gauge theory, as SU(3) is the gauge group associated with quantum chromodynamics. We
give this generalization in the next chapter. We further generalize this novel prepotential
formulation to arbitrary SU(N) gauge group in chapter 6. It is also possible to exploit
prepotential approach in order to solve the lattice Schrodinger equation and calculate the
spectrum of the theory. We have also made progress in this direction. In chapter 7 we

explicitly solve the schroedinger equation for a small lattice analytically.



Chapter 5

Prepotential Formulation of SU(3) Lattice Gauge
Theory

We have discussed in previous chapter the new prepotential variables for SU(2) lattice
gauge theory. We have also seen how the loop state dynamics gets simplified in terms of
these prepotential operators compared to the same in terms of original Kogut-Susskind
variables for SU(2). However, at the end, we have to work with the gauge group SU(3)
to solve actual problems of QCD. As in the case of SU(2), the loop formulation of SU(3)
lattice gauge theory also suffers from the problem of non locality and proliferation of
loop states. In the last chapter the SU(2) prepotentials were shown to be useful in
formulating the theory entirely in terms of physical variables or loops. In this present
chapter we generalize this approach to SU(3) gauge group by defining and developing the
prepotential formulation to SU(3) Lattice gauge theory.

As we know earlier prepotentials are basically harmonic oscillators belonging to the
fundmental representations of the gauge group. In the context of SU(2) group theory, the
Schwinger bosons, each carrying basic (half) unit of spin angular momentum flux, provide
an explicit and simple realization of the angular momentum algebra as well as all it’s rep-
resentations [33]. In particular, the Hilbert space created by the two Schwinger oscillators
is isomorphic to the space of SU(2) irreps. Thus the Schwinger boson representation of
SU(2) group is simple, economical as well as complete. However, all these features are lost
when we generalize the Schwinger boson construction to SU(N) with N > 3. The origin
of these problems is the existence of certain SU(N) invariants which can be constructed

for N > 3. Any two states which differ by the overall presence of such an invariants

o4
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will transform in the same way under SU(N) gauge transformation. This leads to the
problem of multiplicity which in turn makes the formulation of SU(N) (N > 3) much
more involved compared to SU(2). To understand this fact let us consider the Schwinger
boson representation for SU(3) explicitly. Being rank two group two fundamental irrep
of SU(3), namely the af, € 3 and b'® € 3* are necessary to construct all possible irreps of
SU(3). Now we can see that a' - b as well as a-b are SU(3) invariant. Hence for any irrep
|R) of SU(3) should be identified with |R, p) for any p, where,

[R.op)= (a'-b') |R) (5.1)
N——
SU(3) singlet

for p=0,1,2,...,00. Note that, this degeneracy problem did not exist for SU(2) as there
is only one (2 = 2*) fundamental representation of SU(2). However this group gauge de-
generacy can be solved by solving the group theoretic Gauss law constraint a - b ~ 0 [34].
The degree of degeneracy increases with N for gauge group SU(N) leading to more and
more complicated Schwinger boson representation of SU(N). These issues have also been
extensively addressed in the past [19,30,40,41]. In the context of SU(3) Schwinger boson
analysis, a systematic group theoretic procedure based on noncompact group Sp(2,R) is
given in [40] to label the multiplicity of SU(3). In this work, exploiting this Sp(2,R) label-
ing in [40], we define irreducible SU(3) Schwinger bosons in terms of which construction
of SU(3) irreducible representations are as simple as SU(2). Further like in SU(2) case,

the representations in terms of irreducible Schwinger bosons are multiplicity free.

We identify this new set of irreducible Schwinger bosons for SU(3) as the irreducible
prepotential operators to formulate the SU(3) lattice gauge theory entirely in terms of
these irredicible prepotentials. In this chapter we show how the irreducible prepotentials
are constructed from the group theoretic properties. We also construct the conventional
variables, the electric field and link operator in terms of prepotentials. We also show that
the prepotentials being located at the end of each link, enables one to construct physical

states locally at each site. The Mandelstam constraints can also be cast in its local form.
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e (L) a' (Lyea(l)=>5"(R)eb(R) b_'a (R)
77 O n+1
- L]
. BT eb(L)=a (R)ea(R) N
b7 (L) al (R)

Figure 5.1: The SU(3) prepotentials and the two U(1) @ U(1) oriented abelian flux lines
along a link [ in SU(3) lattice gauge theory. The directions of abelian flux lines are chosen
from quarks a' € 3 prepotentials to anti-quark b’ € 3* prepotentials transforming like
triplet and ant-itriplet respectively.

5.1 Prepotentials in SU(3) lattice gauge theory: Definition and
Construction

Like in SU(2), the SU(3) prepotentials are defined through the left and right electric fields
in SU(3) lattice gauge theory. As stated earlier, being a group of rank two, SU(3) has
two fundamental representations 3 (triplet) and 3* (anti-triplet) which are independent.

Hence we associate two independent harmonic oscillator prepotential triplets:
al (L), b *(,L), «a=1273

to the left end and
a(LR), b*(LR), a=1,2,3

to the right end of the link [ = (n,7). Now there are 12 prepotential operators associated
with every link. These assignments are shown in Figure 5.1. Under SU(3) gauge transfor-
mation in a d dimensional spatial lattice, the 2d a's and 2d b's on the 2d links emanating
from the lattice site n transform as quarks (3) and anti-quarks (3*) respectively. The

SU(3) electric fields are related to the prepotentials as:

Left electric fields: — E2(l) = (d(z,L)%a(z,L)—b(l,L)%le,L))

Right electric fields: E%(l) = (aT(l,R)%a(l,R)—b(l,R)%bT(l,R)) (5.2)

In (5.2), we have used Schwinger boson construction of SU(3) Lie algebra [45,59]. Note
that the second part of the each of these definition is —b%bT instead of b*%b where, \



Chapter 5. Prepotential Formulation of SU(3) Lattice Gauge Theory 57

is the dual representation of A as we have used the relation A = —A7. The electric field
generators in (5.2) generate SUL(3) ® SUR(3) gauge transformations on every link. The
Electric field operators defined in (5.2) also satisfy the rigit rotator constraint (2.6), i,e

8

Y EIEL(D) =Y ER(DER(D). (5.3)

a=1

The prepotential triplets satisfy the standard harmonic oscillator commutation relations:

[aa(l,s),a;(l,s’)} = 030.. [ba(l,s),bw(l,s’)] — 5%, .
[aa(z,s),aﬁa,s/)} =0, [ba(l,s),bg(l,s')] —0, s, =LR (54)
As all the electric fields in (5.2) involve both creation and annihilation operators, the

number operators in (5.5) commute with all the electric fields in (5.2). Therefore, the two
SU(3) Casimirs on each side of the link [ are:

N<l7 L) = aT(l7 L) ) (l(l, L)u M(l7 R) = bT(l7 R) ’ b<l7 R)7

M(l,L)=0b'(I,L)-b(l, L), N(I,R) = a'(I,R) - a(l, R). (5.5)
The eigenvalues of N (L), M(L) and N(R), M(R) will be denoted by ny,my, and ng, mg
respectively. We can characterize all the SU(3) irreducible representations on a link by

(ng,mr) ® (ng,mg). Under the SU(3) gauge transformations, the prepotentials on the

left and right side of a link [ transform as:

al(1,L) — al(1, L) (A]) al (1, R) — a1, R)(AR).
(1, L) — (Ar)“ 50" (1, L), b'*(l,R) — (Ag)“ 50" (I, R) (5.6)
The above transformations imply that under SU(3) gauge transformations al,(, L), al (I, R)
transform like quarks and b7 (I, L), b™(I, R) transform like anti-quarks at the left and the
right end of the link [ respectively. Therefore, we call a,a’ and b, b on various links as

quark and anti quark prepotentials respectively. Note that, under SU(3) gauge transfor-

mation Kogut-Susskind link operator transforms as,
U. (1) = A (1 L)U, (DAL R)?. (5.7)

We will see in the next sections that the prepotentials in (5.2) enable us to disentangle

the left and right SU(3) gauge flux formation.
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5.2 The additional U(1) ® U(1) gauge invariance

Like in SU(2) case , the defining equations of SU(3) prepotentials (5.2) on link [ are
invariant under the following U(1) ® U(1) ® U(1) ® U(1) abelian gauge transformations:

al (I, L) — Dl (1, L), bie(l, R) — e 0Rpie(] R),
bie(l, L) — EBpie (] L), al (I, R) — e R GT (1 R) (5.8)

In (5.8), the abelian gauge angles 6(l, s) and ¢(l, s) with s = L, R are defined on the left
and right sides of every link. Again like in SU(2) case, the Hilbert space of lattice gauge
theory is built by applying the link operators on the vacuum state:

U™, (1) U™,(1) --- U™, (1)]0) (5.9)

and then symmetrizing/anti-symmetrizing « indices according to a certain Young tableau.
However, this symmetrizing/anti-symmetrizing the left a(€ 3) indices automatically in-
duces the same symmetries/anti-symmetries on the right 3(€ 3*) indices. This implies

that the left and right representations are always conjugate to each other!, i.e:
N(I,L)~ M(,R), M(,L)~N(l,R), (5.10)
where ~ denotes that it is true acting on the states created by the action of link operators
on vacuum. This implies that within the Hilbert space created by the link operators in
(5.9), 0(I, L) = 0(I, R) and ¢(I, L) = ¢(I, R) is true on every link I. A trivial example is
the state |°) = U,?(1)|0) which transform as 3-plet on the left and 3*-plet on the right.
The next irreducible state [71%2) = (Uy,? (1)Ua, (1) + Ua,” (1)Uq, (1)) transforms as 6
at left and 6* at right of the link /. Note that, the normalization of these states are
nontrivial as it carries all the symmetrization as well as antisymmetrization of the o and

£ indices. These same states (according to the transformation properties) are realized in

terms of prepotential operators as:

9 = al (L L)L, R)|0) , |2%2) =af (1, L)al, (I, LB (I, R)b'™® (1, R)[0).  (5.11)

a1

It is evident in (5.11) that the (5.10) is true. Therefore, besides SU(3) gauge invariance
at different lattice sites, the prepotential formulation has additional abelian U(1) ® U(1)

!We will analyze the consequences of E%(n,i) = E%(n +14,i) in the next section.
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gauge invariance (5.8) on every link. The abelian Gauss law constraints (5.10) imply
oriented abelian fluxes for SU(3) unlike the unoriented ones for SU(2) as in this case there
exist more than one (triplet and anti-triplet) type of fundamental representation attached
to each end of the link. Hence it is necessary to choose a convention of the abelian Gauss
law flow in order to express it clearly. We choose the directions of the abelian fluxes on
links to be from quark to anti quark prepotentials. To maintain continuity of direction
in a loop state the non-abelian fluxes are chosen in the opposite direction (i.e, from anti
quark prepotentials to quark prepotentials). These conventions are clearly illustrated on

a link in Figure 5.1 and Figure 5.2.

5.3 The SU(3) prepotential Hilbert space H, on a link

Likewise the SU(2) case, the Hilbert space of SU(3) prepotential operators H, can be
completely characterized by the following basis on every lattice link [ (we supress the link

index [ as long as we consider only one link at a time):

e = LRI e RS0k
= p,9L®lg,p)r (5.12)
In (5.12),
gy = L3200 10), = al, (L) af, (L) (L) - 6" (L)[0)., (5.13)
and
@, p)r = R (0)r = al (R)---al (R)DI(R)--- b (R)|0)g (5.14)

are the states created by the SUL(3) ® SUg(3) ® U(1) ® U(1) flux creation operators on
the left and right vacuum at respective ends of every link. We have used the U(1) @ U(1)
Gauss law constraints (5.10) in (5.12) with ny, = mgr = p and my = ng = q.

Note that unlike SU(2) flux creation operators (2.16) which were SU(2) irreducible,
the flux operators in (5.12) which creates the states in prepotential Hilbert space are
SU(3) reducible. To construct the SU(3) irreducible states at each end of the link the

prepotentials need to be properly symmetrized and antisymmetrized as the SU(3) irrep
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must be symmetric in all upper as well as lower indices, and must be antisymmetric
between upper and lower indices. Note that this symmetrization was inbuilt for SU(2)
as that have only one type of indices which were already symmetric as all the Schwinger
bosons commute amongst themselves. The same is true for symmetric or pure SU(3)
irreps, like (p,0) and (0,p). The symmetric representations of SU(3) are created out of
only one fundamental irrep, either 3 or 3*. Therefore, as far as symmetric representations
of SU(3) are concerned, each single (double) Young tableau box represents a Schwinger
boson creation operator af € 3 (bT € 3*). Hence the symmetric SU(3) irreps at both the

ends of a link are :

|p70>L = f’a1a2--~0<p|0>L = alq(L)"'aLp(L”O)L?
0,p)r = R"*P|0)r = bIP(R)-- b1 (R)|0)R (5.15)

In (5.15) the states created by the SUL(3) @ SUr(3) @ U (1) ® U(1) flux creation operators
on the left and right vacuum at respective ends of every link. Moreover this flux creation
operators are symmetric as a'’s and bf’s commute among themselves. Hence the states
Ip,0), and |0.q) g are indeed irreducible representation of SU(3) and are equivalent to a
row of p number of single boxes and a row of p number of double boxes respectively.. This
construction is simple and retain the simplicity of SU(2). However, this simplicity is lost
when we consider mixed representations (p # 0,q # 0). As stated earlier, the states in
(5.13) and (5.14) are SU(3) reducible. The irreducible representation states in (p, ¢) irrep.
are given by [30]:

Q1,02,...Qp a1a2...0p Z ocll 011012--0411—10411+1--01p
)61 0000 = [Oalﬁg +L1§: 08, OB163. 1y 151y 11
lh1=1k1=1
allalg al..all,1all+1..a12,1al2+1.,ap
+Ly Z Z 65k15k2 B1--Bry —1Bkq +1--Brg—18kg+1--Bq
l1lay ck1.k2
(21 C219)

—|—L Z Z 5041042043 al..0411,10111+1..a12,1a12+1..043,104134,1..04;, (5 16)
3 By By Brg 51~~ﬁk1—1/8k1+1~~Bk271,6k2+1-~ﬂk3—1ﬁk3+1~~-ﬁq :

l1:l2y (k1,k2
(112) (1142

—|—L Z Z 04110412 Qg alag..all,1o¢ll+1..a12,1a12+1..aln,laln+1..o¢p |0>
Bk Brg --Bin, 5152“/8]@1—1/8k1+1~-/6k2—1ﬁk2+1-~6kn—1/8kn+l~--ﬁq
l.ln=1k1..kn=1
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a (L) Abelian flux lines on a link b (R)

SU(3) flux - - SU(3) flux
direction at ¥z i direction at
site n < site n+i

bm(L) Abelian flux lines on a link

H> =da (L)eb' (L)| 0 ‘a> =a (Ryeb (R)|0)
L

Figure 5.2: The graphical interpretation of the SU(3) @ U(1) @ U(1) gauge invariant loop
state (5.18) over a link (n,7) with n, = ng = n = 1. The “magnetic” Sp(2,R) quantum
number p of this state is non zero (p = 1) and therefore such states can not be created
by the link operators U(n,i). Two types of arrows are used to differentiate abelian and
non-abelian fluxes.

where O = L(R) which are defined in (5.13) and (5.14). The limit in the sum n =
min(p, q), 05524 = 05/ 057 ... 05" and all the sums in (5.16) are over different indices, i.e,

l1 # ly... # 1, and ky # ko... # k,. The coefficients L, are given by [59]:

(=1)" (af - bf)"

b p+ag+D)p+a)p+q—1)...(p+q+2—-71)"

(5.17)

The coefficients in (5.17) are chosen to make the state completely traceless in all possible
pairs of upper and lower indices. Note that all the upper (lower) indices are completely

symmetric by construction as the Schwinger bosons commute amongst themselves.

The non-triviality with the mixed irreps (i.e constructed out of two fundamental irreps)
arises due to the existence of certain SU(3)invariant operators. To understand the problem

clearly, let us consider the following SU(3) gauge invariant state as an example:

o, ) = (al(L) -0/ (1)) ™ (' (R) - 01 (R)) " 10, (5.18)

The states (5.18) are also invariant under U(1) ® U(1) gauge transformations (5.8) if
pr = pr = p with p=0,1,2,...,00. The state (5.18) with p = 1 is shown in Figure 5.2.

The gauge invariant states (5.18) are linear combinations of states in (5.12):

_ AR e [3 [8
DY =lor=p, pr=p)= D [ueee > BRIk (5.19)
{aiti=1,..,p {Biti=1,...p
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However, the gauge invariant states in pure lattice gauge theories are the Wilson loop
states residing around the plaquettes and not on the links . The only gauge invariant oper-
ator on a link [ constructed out of the link operator is a constant operator {Tr(UT(1)U (1)) =
Tr (U(I)UT(1)) = 3}. In other words, the infinite towers of gauge invariant states (5.18)
on different links do not exist in the lattice gauge theory. In fact, this issue of “non
gauge theory states” in the prepotential Hilbert space H, is related to the well known
multiplicity problem in the direct products of SU(3). Actually, the states in (5.12) are
not the states in the gauge theory Hilbert space, but no doubt are states in the Prepo-
tential Hilbert space. Unlike SU(2) case (2.17), the SU(3) gauge theory Hilbert space H,

is contained in H,:
Hy C Hp. (5.20)

Therefore, we now need projection operators to go from H, to H, such that the states in
H, are free from any spurious gauge invariant degrees of freedom. Hence the gauge theory
Hilbert space, constructed out of the prepotentials must be free from this multiplicity
problem. This makes SU(3) prepotential analysis slightly more involved than SU(2). In
the next section we discuss the multiplicity problem for SU(3) reprresentation theory in
detail.

5.3.1 The multiplicity problem in SU(3)

Note that the basis (5.12) in H,, is obtained by taking two direct products. The states
iiii‘;ﬁ;\o) . and f?gﬁ%i"qm} r are individually direct products of quark and anti-quark
irreducible representations: (n; = p,0); ® (0,mr, = q);, and (ng = ¢,0)r ® (0, mr = p)r
respectively. Therefore, they can be further reduced using the SU(3) Clebsch Gordan

series into irreps. of SUL(3) and SUg(3) respectively:

min(p,a)

(np=p,0)L@O,m=q) = > @p—pL),q—pL))L
PD=0 L (pp(L),q—p(L),0(L))
min(p,q)

(nr=¢,0r®O0,mr=p)r = Y @(a—pR),p—p[R)r,  (521)
p(R)=0 o

HE(q—p(R),p—p(R),p(R))



Chapter 5. Prepotential Formulation of SU(3) Lattice Gauge Theory 63

where, H:(p—p(s),q—p(s), p(s)), for s = L/ R, denotes the Hilbert space of states (Young
tableaues) constructed out of total p numbers of triplets (single boxes) and ¢ numbers
of anti-triplets (double boxes), out of which p numbers have combined to form singlet
(column of double boxes). Hence, the states in H}(p — p(s),q — p(s), p(s)) transform as
(p— p(s),q — p(s)) irrep of SU(3). An explicit example of (5.21) on a side s = L/R of a
link with p =1 and ¢ = 1 is as follows:

A0 © 80 = a0 = () - 30%at () 8(s) )

S

(1-0,1-0)€H3(1,1,0)

+ %(55(&(3) - bl (s))[0) (5.22)

(1-1,1-1)27{;(0,0,1)
Under SU(3) gauge transformations, the vectors in H;(p,q, p) transform as (p,q)s irre-
ducible representation of SU4(3) independent of the value of p (=0,1,--- ,00) leading to
infinite multiplicity for each state. While the gauge theory Hilbert space H, must always
have p = 0 as the SU(3) invariant operators can never be created on a link by the action
of Wilson loops as long as the vacuum is in ’Hfo(]o7 ¢,p = 0). Hence the gauge theory
Hilbert space must be free from all sorts of multiplicity and should be exactly identified

with H;(p, q,p = 0). We discuss the gauge theory hilbert space in detail in section 5.5.

The multiplicities associated with direct product representations of SU(3) have been
extensively studied and classified in [40]. Following [40], the prepotential Hilbert space
present at each side of a link can be subdivided into a set of irreducible Hilbert spaces
each carrying all the irreps of SU(3). That is,

mln (p,q9)

H;(p,q) Z Hy(p = p(s),a = p(s),p(s)), s =L,R

Hence, the complete prepotentlal Hilbert space for lattice gauge theory can be classified

as:
Hp B ®]l:[k {Hp}link N ®]l:[k { io; iO:o ( p’ e P © HR(C] b P)) }Unk
m m pP= b,q

o0

= 11 {ZHP }lmk (5.23)

Rlink  p=0
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5.4 The SU(3) invariant Sp;(2, R) x Spr(2, R) algebra

Following [40], the multiplicity problem of SU(3) can be analyzed systematically with the
introduction of the SU(3) invariant Sp(2,R) algebra. This analysis will enable us to solve
the multiplicity problem and to identify the gauge theory Hilbert space at each end of a

link on the lattice.

In order to identify the gauge theory Hilbert space H, in (5.23), we define the following

three color neutral operators on each side s = L/R of every link:

k_(s) = a(s)-b(s), ki(s) =a'(s)-b'(s),

ko(s) = = (a'(s) - a(s) +b'(s) - b(s) +3), s=L,R (5.24)

1
2
These SU(3) color neutral operators satisfy the Sp(2,R) algebra on both sides of the link:

[ko(s), k+(s")] = £0s.5k+(s), [k_(s), ky(s)] = 205 0ko(s),s,8 =L, R.  (5.25)

Further, as these Sp(2,R) generators are invariant under SU(3) transformations, they

commute with the color electric fields. In other words:

Therefore, the Hilbert space of SU(3) lattice gauge theory can be completely and uniquely
labeled by SUL(3) ® Spr(2, R) ® SUR(3) ® Spr(2, R) quantum numbers on every link.
Consequently the SU(3) irreps constructed out of prepotentials at each end of the link
must also be the irreps of Sp(2,R) located at that end of the link.

At the s(= L/R) end of the link the positive discrete irreps of Sps(2, R) (only which

are of our interest) are characterized by the normalized state:
|k,m)s  with, k=1/2,1,3/2,.... & m=k,k+1,k+2, ...
where,

% (kyk_ +k_ k) — k(ﬂ k,m) = k(1 —k)|k,m) (5.27)
ko(s)|k,m)s = ml|k,m)s (5.28)
ke(s)lk,m)s = V/(mEE)(mFk+1)|km+1), (529)
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It follows from (5.29), after a few steps of algebra that:

B (2k —1)! m—k
k) = \/ i e e R (530
& k_(s)k,k)s = O (5.31)

As the generators of Sp(2,R) and SU(3) are mutually commuting, they must have a
common set of eigenstates. Let us explicitly consider the state constructed in (5.16)
which is an SU(3) irrep. One can explicitly check that the state [1)5!" g” in (5.16) satisfy

the relation:
k_ |@/J>a1 a” (5.32)

Now, this state must also be an irrep of Sp(2,R). To characterize the same state with

Sp(2,R) quantum numbers, we calculate,
kol)s, 50 = S@+a+3))s 5 (5.33)

3 (ke + k) = K| W =[5l k] = K] 1052

(P+q+3)—p+aq+ 3)2] )

| = N

(b+q+3) (1 gt 3)) [)2%(5.34)

using the definition in (5.24). Now comparing (5.33) with (5.28) and (5.34) with (5.27),
we identify:

|k, k) = ), 5 (5.35)

Hence the states |¢)a1 a” lie in the Hilbert space H,(p, ¢,0). Similarly we also find that
the states
(al - 01 |0)5, 57 = [k, m)
lying in H,(p,q, p) with k = %(p +q+3)and m =k + p.
Coming back to the states in the prepotential Hilbert space H;(p — p,q — p, p) on the

s end of the link, they are as well the irreps of Sp,(2, R) and hence the eigenvalue of ky(s)
on any state of this Hilbert space is 1/2(p + g + 3). Hence, acting on the Hilbert space
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H;(p, q, p) in (5.23), ko(s) must have the eigenvalue 1/2(p+p+q+p+3) = 1/2(p+q+3)+p.
Thus the states in the sub spaces of the full prepotential Hilbert space defined in (5.23)

are with the following Sp(2,R) quantum numbers:
1
m:§(p+q—|—3)+p, p=0,1,..00 (5.36)

Since the allowed values of m for a given k in an Sp(2,R) irrep are k, k+ 1,k + 2, ....., we
can identify the SU(3) irreps in M (p, ¢, p) with k = s(p+q-+3). Hence the states [k, m),
can be equivalently characterized as |k, p)s = |p, q, p)s which are again irreps of SU,(3).

Since the sum of the numbers of triplet and anti triplets are same at both the ends
of a link (5.21), we get [40]: k = k(L) = k(R) = 3(p + ¢ + 3). Further p(L) = p(R) = p
appearing in (5.21) are the “magnetic quantum numbers” of Spr(2, R) ® Spr(2, R). The
raising (lowering) k4 (s)(k_(s)) operators increase (decrease) the Sp(2,R) magnetic fluxes
[40]:

Hy (p, g, p £ 1)) = ke(s) [Hy (0,4, ), [Hp(q,p,p £ 1))k = kx(R) [H; (q,p, p)) r(5.37)

Again one can see that using the A matrix identity: 22:1 (’\—;); (’\—;)Z = %(53‘(5%— %(5;}(53,

the squares of left and right electric fields can be written as:

> BB ) = N (@ n 1) ) <_M (£, 1)

ko (D)k (L) + %N(L)M(L)
28: E%(n,i)E%(n,i) = N(R) (@ + 1) + M(R) <@ + 1)
a=1
k. (R)k_(R) + %N(R)M(R)
The electric field constraints (2.6) along with the U(1)®U (1) Gauss law constraints (5.10)

imply:
ki (L)k_(L) = ky(R)k_(R). (5.38)
On the other hand, the action of k k_ on a general Sp(2,R) irrep. |k, m) is given by [40]:

kik_|k,m) = (m —k)(m+k—1)|k,m), (5.39)
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where, m = k+p. In the present case the electric field constraint (5.38) and the eigenvalue

equation (5.39) imply:
(m(L) = k(L)) (m(L) + k(L) = 1) = (m(R) — k(R)) (m(R) + k(R) —1).  (5.40)
As k(L) = k(R) = 5(p+ ¢+ 3), we get the unique solution of (5.40):

pr(l) = pr(l). (5.41)

Therefore, in the prepotential Hilbert space H,, the left and the right Sp(2,R) “magnetic”

quantum numbers are same on every link.

Note that, in particular, the p = 0 Hilbert space without any “Sp(2,R) magnetic” flux
in (5.21) is annihilated by k_:

k_(L) [H}(p,q,p = 0)) =0, k- (R) [Hj(q,p,p=0)) =0. (5.42)

The equations (5.37) show that the “spurious gauge invariant” states in (5.18) are the vec-
tors of one dimensional mutually orthogonal SU(3) invariant Hilbert spaces H%(0,0, p) ®

R . _ . . .
H,(0,0,p) with p=1,---00. The strong coupling vacuum is the p = 0 vacuum.

5.5 The SU(3) gauge theory Hilbert space H,

The various flux states in gauge theory Hilbert space H, are created by the link matrices
U®g acting on the strong coupling vacuum as in (2.10). Therefore, in order to identify H,
within H,, with Sp(2,R) structure (5.23), we now analyze the Sp(2,R) properties of the link
operators in this section. We note that the link matrix U3 can not change the Sp(2,R)
magnetic quantum number p. As shown at the bottom of Figure 5.2, k(L) = a'(L)-b'(L)
and k; (R) = a'(R) - bT(R) correspond to three Young tableau boxes in a vertical column
(SU(3) singlets) on the left and right side of the links respectively. On the other hand, in
terms of the link operators, this left and right anti-symmetrization on a link corresponds
0 i€aragas€” PBUM g U3, U5, = det U =1 or tr (UU') = 3. Therefore, the states
in H,, obtained by applying link operators on the strong coupling vacuum with p = 0
(k_(1)|0); = 0, I = L, R) will also carry p = 0 quantum numbers. In other words, they
too will be annihilated by k_(I):

k_(L) <U°‘1 5 U5 - Uar@) 0) =0, k_(R) (UO“ s U - Uarﬂr) 0) = 0. (5.43)
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Therefore, going back to the classification of H,, in (5.23), we identify:

Hy= 1] {Holo = 00} =M (5.44)
®link
like in the case of SU(2) lattice gauge theory. In (5.44) H, denotes p = 0 subspace of
H, satistying k_[¢)) = 0 for |[¢) € H,. An example of |¢p) € H, is the state given in
(5.16) which reduces to the state (af,(s)b™(s) — £65(al(s) - bi(s))) [0) with s = L/R for
p =1,q = 1. Thus the kernel of (k_(L)k_(R)) in H, is the SU(3) gauge theory Hilbert
space H,. Further, (5.43) implies:

k_(L),U%5] =0, k_(R),U%5] ~ 0, (5.45)

In other words, k_(L) and k_(R) weakly commute with the link operators of SU(3) lattice
gauge theory?. The symbol ~ in (5.45) implies that the commutators are zero only when
they are applied on the vectors belonging to the gauge theory Hilbert space H, = Hg.
We would now like to write the link operators in terms of SU(3) prepotential operators
which create SU(3) fluxes only in the gauge theory Hilbert space H,. This is done in the

next section.

5.6 SU(3) irreducible prepotential operators: Construction

In this section, we construct the SU(3) irreducible prepotential operators from the prepo-
tential operators in (5.2) such that they directly create SU(3) irreducible fluxes exactly
like in SU(2) case (2.16). This construction with all the it’s group theoretical details is
obtained in [34]. We define the SU(3) irreducible prepotential operators from prepotential

operators such that:

1. they have exactly the same SU(3) ® U(1) ® U(1) quantum numbers,

2. they commute with the Sp(2,R) destruction operator k_.

As a result, acting on the strong coupling vacuum they directly create the gauge theory

Hilbert space H, completely bypassing the problem of spurious states like (5.18) in H,,.

2Note that all the electric fields strongly commute with the Sp(2,R) generators (5.26).
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we define SU(3) irreducible prepotentials [34] as:
ALUL) = al(L)+ FL ki (L)ba(L),  AL(R) = al(R) + Fg ki (R)ba(R),
BY(L) = b*(L)+ Frky(L)a®(L),  B'(R) =b"(R) + Frk(R)a"(R).(5.46)
In (5.46), Al (L/R) are the triplets and BT®(L/R) are the anti-triplets. The factors F,

and Fg are given by:
1 1

E=—sovuo+r T NmIM@m 1 (5.47)
These factors are chosen so that [34]:
[/L(S),AL(S)] ~ 0; [k‘_(s),BTo‘(s)] ~ 0. (5.48)
for s = L, R. Taking dagger of the operators defined in (5.46) yields,
A%(s) ~a”(s) & Bal(s) 2~ by(s) (5.49)

for s = L, R, acting on H,. To get (5.49) from (5.46), we have used k_ ~ 0. From (5.49),
k_(s) = A(s)-B(s) ~ a(s)-b(s), implies that the annihilation operators in (5.49) strongly
commute with k_(s).

This restriction (of weakly commuting) in (5.48) is made in order to obtain the traceless
states (as in 5.16) only constructed by the action of these new operators on H,. In other

words, for a state [¢)) € H,,
k_|vy e Hy=0 = k_ (Al|Y) € Hy)) =0 & k_ (B™[Y) € Hy)) =0 (5.50)

Using (5.46) and (5.47), it is easy to check that the irreducible Schwinger boson creation

operators commute amongst themselves 3

[Ag(s),Ag(s')] =0, [Bl(s),BP(s)] =0, [Al(s),B(s)] =0.  (552)

3The other commutation relations acting on the SU(3) irreps. are [34]:

1
+ M(s)
1
N(s)+ M(s)+2

o 1
Ossr <6'8 ~ N(s)+ M(s) + 2AL(S)A5(8)>

[Ao‘(s),Ag(s’)} ~ b (55— NG

[A%(s), BP(s)] =~ =0

5B

Bt (s)AP(s) (5.51)

[Bal(s), BY(s")]

¢
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By construction, Af(s) and B™(s) transform exactly like af (s) and b'*(s), s = L, R
under SU(3) ® U(1) ® U(1) and retain the same quantum numbers. Therefore, we can

now define:

|ﬁlﬁz > |5152 5p> — £ B1B2--Bq |0> R 0102-+-0p |O>R (553)

QjQa2--Op Y1Y2 Vg Qala2--Op Y172 Yq

where |0),/r are the strong coupling vacuum located at left and right end of a link as
defined earlier. In (5.53), the additional Sp(2,R) quantum numbers p;, = pr = 0 are put
as superscript 0. The operators £ and R are defined by replacing SU(3) prepotentials in
L and R in (5.12) by the corresponding SU(3) irreducible prepotentials in (5.46), i.e.,

L% 0y, = Al (L)--- Al (L)B™(L)--- B (L)|0)y,

ajag-op

and
RO0200 ) o = Ajﬂ(R)...qu(R)Bwl(R)...B+6P(R)|O>R.

Y12 Vg

In other words, the operators £ and R in (5.53) are SU(3) irreducible unlike the L
and R operators in (5.12) which are reducible according to (5.21). It can be shown that £
and R are related to L and R by projection operators. In fact, these SU(3) flux creation
operators £ and R are the SU(3) analogues of the SU(2) flux creation operators £ and
R in (2.16) as both create irreducible fluxes. Further, like in SU(2) case, they bypass the
problem of symmetrization and anti symmetrization associated with the link operators.
This is because £ and R in (5.53) are defined in terms of SU(3) irreducible prepotential
operators which have all the symmetries of SU(3) Young tableauex inbuilt [34]. In other
words the role played by SU(2) prepotentials in SU(2) lattice gauge theory is exactly
equivalent to the role played by SU(3) irreducible prepotentials in SU(3) lattice gauge
theory.*

Note that in terms of SU(3) irreducible prepotentials, the “spurious gauge invariant
states” like in (5.18) or (5.19) do not exist as:

AY(L) - BY(L)|0), =0, A'(R) - BY(R)|0)z = 0. (5.54)

4Note that, these Irreducible Schwinger bosons constructed as irreducible prepotentials are themselves
quite rich in structure in the representation theoretic context. We exploit these objects to construct
SU(3) coherent states [42] and to calculate SU(3) Clebsch Gordon coefficients [43] which are essential
computational tool for loop formulation of gauge theories. We give both these construction in detail in
the appendices A and B.
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Figure 5.3: The Young tableau interpretation of the SU(3) link operator U in terms of

the prepotential operators (5.57) acting on a state with p single boxes and ¢ double boxes
at the left of the link, and the conjugate state at the right. The three terms in (5.57) or
(5.58) correspond to the three sets of (mutually conjugate) Young tableauex on the right
hand side of this figure respectively. This is SU(3) generalization of Figure 2.2 for SU(2).

as these are nothing but the trace of the octet state or (1,1) state,

(@) - gtat ()-8 10 (5.55)

defined at s = L, R. The other possible invariant constructed out of Irreducible prepo-

tential also vanish as,

A(L)- B(L)|0), ~ a(L) -B(L)|0), =0,  A(R)- B(R)|0): =~ a(R) - b(R)|0), = 0(5.56)

5.7 SU(3) link operators, electric fields and irreducible prepo-
tentials

The SU(3) link operator must create 3 and 3* fluxes at the left and right end of the link
and should satisfy the U(1) ® U(1) Gauss law constraints (5.10). These requirements
are similar to SU(2) case discussed in chapter 2. In addition to this the link operator
must satisfy the Sp(2,R) constraint given in (5.45). Anyway noting that the Sp(2,R)
constraints are already solved in terms of irreducible Schwinger bosons in the last section
and observing that, by construction, Al (s) and B (s) transform exactly like a] (s) and
bi*(s), I = s, R, on a particular link the general structure of the link operator is:

Ug = B'(L)nAl(R) + A*(L)8By(R) + <B(L) A AT(L))a (A(R) A BT(R))ﬂ. (5.57)
In (5.57), n, 0 and ¢ are the SU(3) invariants and therefore can only depend on the number
operators. These will be fixed later in this section. The link operator constructed in (5.57)

has all the required group theoretical properties:
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e Under SU(3) transformations U(n,i)%s — (Ar)*U(n, i) s(Ar")?s.
e [t is invariant under U(1) ® U(1) abelian gauge transformations.

o It creates and destroys fluxes in H, in (5.44). It is easy to check that the link
operator U%g in (5.57) satisfy (5.45).

e Acting on a link state in |p, q)1 and |q, p) g representations of SU(3), x SU(3)r:

Uslp, ) ®la,p)r = Ci%lp+ 1,0 ®lg,p+1)r+C%lp,a — 1)L @ lg—1,p)r
+ C%lp—1,¢+ 1)L ®|g+1,p— 1k, (5.58)

where C,Cy and Cj are the SU(3) Clebsch Gordan coefficients. The three terms
in (5.57) correspond to the three terms in (5.58) respectively. In Figure 5.3, we
illustrate (5.57) and (5.58) in terms of SU(3) Young tableau diagrams where the

link operator changes the shape of the Young tableaux in all possible ways.

Written in matrix form the link operator has the form of a most general SU(3) matrix.
Like in SU(2) case (2.21), it is convenient to break the full link operator matrix into left
and right matrices as:
B™ (L) AY(L)0r (B(L) A AN(L))'or
U = BY¥(L)yn, A*(L)0r (B(L)AAY(L))?r,
B¥(L)yn, AYL)0r (B(L)AAY(L))%p

(. J

)
< | A2(R)yar B*(R)r (B(R)AAI(R)r | =UUr  (5.59)
) 5

In (5.59), 1,01, 0r, and fg, O, 0 are the left and right invariants constructed out of the

number operators. From (5.57):
n=nL MR, QZQL QR, (Sz(SL (SR. (560)
Under SU(3) gauge transformation on a link,

U — A UAL = A UL URAL,
= U, —- AU & URHURAE (561)
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From (5.59):
Ul =
(BB ) i (B-A) 6, i (B (BAAY) )6,
. ) =0 ’
0 (AT B') s 0,(AT- A)0y 0, (AT (BAAT) )6y (5.6
% ) = i |
5 (B'AA)- B ) my 3y (B AA)-A)0r 5u((AnBY)-(BAAT) s,
-
Similarly,
UrU}, =
m (AT A) mw (A7 BY) 6y e (AT (B AT)) B
— .
. 7 .B\@ T
O (BNOA> iR eR(B B )93 On ( B:/\A >, (5.63
5 ((B'AA)-A) i on ((B1AA)-BY)bn o (ANBY - (B AAN )3

=0 =0

In (5.62) and (5.63), we have suppressed the L /R indices from the prepotential operators
(A, A") and (B, BT). Note that, in (5.62) and (5.63), the off-diagonal elements vanishes.
The weakly vanishing terms vanish using (5.54) and (5.56), whereas the strongly van-
ishing terms vanish as they contain anti-symmetric product of two identical operators.
Demanding UzUL =1 and URUIT% =1, we get:

1 1

N = ) 0 = )
B(L)-B(L) (L) - A(D)
o, = !
VD) A B(D) - (BD) A A1)

1 1
S UEm - Am) T VB B
on = ! . (5.64)
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Figure 5.4: The SU(3) prepotentials associated with a lattice site n in d = 2. This is
SU(3) generalization of Figure (3.4) for SU(2).

The link operators in (5.57) with (5.60) and (5.64) satisfy: UUT = U'U = 1. Having
written the link operators in terms of the SU(3) irreducible prepotentials, we now cast
the left and right electric fields (5.2) in terms of A(l), A™(l), B(l), B'(l) with | = L, R.
Using the very special structures of the SU(3) irreducible prepotentials in (5.46), explicit

calculation shows that:

B = (d0Fan -un3y ) = (4G AL - BTHw)
Bi = (0 am - ) = (ARG AR) - BRYE®) 6.0)

In (5.65), the use of the expression of irreducible prepotentials given in (5.46) leads to
explicit cancellation of the terms proportional to bagagaw . In fact the results (5.65)
were expected because (al,b™) and (Al , B'?) have exactly the same SU(3)@U(1)®U(1)

transformation properties.
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5.8 SU(3) gauge invariant states and Mandelstam Constraints
in terms of Prepotentials

In this section we construct all possible SU(3) gauge invariant states at a given lattice site
using prepotential approach. We also discuss the Mandelstam constraints which relate
these gauge invariant states. As shown in Figure 5.4, every lattice site in 2d space di-
mension is associated with 2d pairs of quark-anti quark prepotentials (Al, B™). Under a
gauge transformation at site n, all these 2d quark (anti quark) prepotentials transform to-
gether as triplet (anti-triplet). Therefore, the fundamental SU(3) gauge invariant creation

operator vertices at a lattice site n are:

Ly = A'li]- B'[j], i # J, (5.66)
A[i17i27i3] = €a1a2a3 All [Zl]ATOéQ [22]141-043 [i3]7 (567)
Bljy jo.js] €500, B 1) BT[] B™ 5] 0,5 =1,2,..,2d. (5.68)

These vertices are shown in Figure 5.5. We have taken i # j in (5.66) because L;; =
A'li] - BY[i] ~ 0, 4,j = 1,2,---2d according to (5.54). Also, Ay, i, and By, j, j,) are
completely anti-symmetric in (i1, i2,43) and (j1, J2, j3) indices respectively. The above

2d(2d — 1)(2d + 1)
3

2d(2d — 1) + 2(*C3) =

basic SU(3) gauge invariant operators enable us to write the most general SU(3) gauge

invariant state at a given lattice site as:

2d 2dcq 24,

= . ig) Pliyigig) 91j jizds)

Usi)s Phiviaisls Giinsois)) = | | (Mm) I1 <A[z‘1i2i31) 11 <B[j1j2j3]> 7710)(5.69)
13;1 [i142i3]=1 [j1273]=1

In (5.69), Eij], Dlivisia]> Aljrjojs] AT€ w non-negative integers describing all possible

SU(3) gauge invariant states at a given lattice site. The various possible loop states set
in pure SU(3) lattice gauge theory are direct products of (5.69) at various lattice sites
consistent with U (1) ® U(1) Gauss law (5.10) along every link. As in the loop formulation
where various loop states are mutually related by Mandelstam constraints, not all states
in (5.69) are linearly independent. In fact, in the present SU(3) prepotential formulation

(like in SU(2) case) the Mandelstam constraints become local and take very simple forms
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Figure 5.5: Graphical representation of the three possible SU(3) gauge invariant L, A, B
types of vertices. Two simple SU(3) ® U(1) ® U(1) gauge invariant loop states are also
shown. The arrows represent the directions of the abelian (non-abelian) fluxes on the
links (sites).

in terms of the SU(3) gauge invariant vertices in (5.66,5.67) and (5.68) at every lattice
site n. We start with the simplest SU(3) Mandelstam constraints:

Z (_1)sL[i1jsl]L[i2jsg]L[iBjsg}' (57())

{s1,52,53}€S3

A[i17i27i3} B[jl 132,33

In (5.70), S3 denotes the permutation group of order 3, {s1, s9, s3} denote the 3! permu-
tations of {1,2,3} and s is the parity of permutation. In other words, the Mandelstam
constraints (5.70) state that the A and B type vertices annihilate each other in pairs to
produce L type vertices. The constraints (5.70) are illustrated in Figure 5.6. Therefore,
the SU(3) gauge invariant states of (L — A — B) type in (5.69) can always be written
either as (L — A) type or as (L — B) type at each lattice site. Note that the L, A and
B type invariants are the only invariants present at a site for SU(3) lattice gauge theory.
Also they are related by a unique relation (5.70) which is analogue of the fundamental
Mandelstam constraint for SU(2) obtained in terms of prepotentials as in (3.18). The
constraint (5.70) is basically the only fundamental Mandelstam constraint present locally
at each site of the SU(3) lattice gauge theory which involves three loops passing through
that site. This fundamental Mandelstam identities were never discussed in the context of
SU(3) lattice gauge theory. The set of Mandelstam identities well-known in the literature
for SU(3) lattice gauge theory so far are due to Migdal [37]. These are basically the Man-
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Figure 5.6: The graphical representation of local SU(3) Mandelstam constraints (5.70)
in terms of SU(3) gauge invariant vertices A, B and L constructed out of the SU(3)
irreducible prepotential operators at a lattice site n. The A and B type of vertices at n
annihilate each other to produce L type of vertices.

delstam constraints (similar to the one given (3.8) for SU(2) case) in terms of the link
operators, which are non-local, and involve more than three loops (as opposed to the one
given in (5.70) involving only three loops). To illustrate this let us consider Migdal’s set
of constraints once more in the context of SU(3) lattice gauge theory. We consider the set
of (> 3) loops I'1(n),'y(n), - ,I'(n), which passes through a particular site (n) from

the direction 1, is, ..., 1, to the directions 71, 2, ..., j, respectively, then they satisfy the

identity:

D Cananan, €0 I (WD ()™ g, (W (Ta(n)™2 5, - (W(Tn(n))™" 5, = 0. (5.71)
g
Note that, in terms of the original link variables, the loops I';(n),I's(n), - ,I's(n) are

allowed to be as large as one wishes and r can also be as large as possible. However, in
terms of the prepotentials, the constraints (5.71) become local. All one has to do is to
replace the Wilson loops W (I's)®s 5, in (5.71) by the prepotentials which are attached to
the links in the direction 7, and js corresponding to the starting and ending direction at
that particular point, i.e,:

W (L)% g,

s

— L%lis.js) = Bljs]'*Al[is)s, s=1,2,---,7. (5.72)

Note that unlike non-local Wilson loop W(I's), the operators B*(js) and AE(Z’S) and hence
L®3lis.js] are completely defined locally at lattice site n. Noting that Tr (L%gis.js]) =

Ly, j,1, the non-local Mandelstam constraints (5.71) acquire the following simple local
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Figure 5.7: The graphical representation of local SU(3) Mandelstam constraints (5.73)
involving only L type of vertices at lattice site n.

form:

Yo DL i) - L g = 0 (5.73)
{s1,52,"sr}E€Sr
and are illustrated in Figure 5.7. Note that all the unnecessary details like shapes, sizes
and lengths of the loops T'1, T, -+ Ty in (5.71) disappear in the corresponding prepotential
form (5.73).

The Mandelstam constraints in their present local prepotential forms (5.70) and (5.73),
instead of non-local form (3.8) in terms of link operators, are now accessible to explicit
local solutions like in SU(2) lattice gauge theory [29]. Note that they are still infinite
in number at every lattice site but the number of Mandelstam constraints are finite.
The solution of these fundamental Mandelstam constraint will be the orthonormal phys-
ical Hilbert space constructed out of prepotentials. The solutions must be all possible
mutually independent linear combinations of the states in (5.69) at a given lattice site.
Following the techniques discussed in [44] in the context of duality transformations in
lattice gauge theories, these linear combinations can be obtained by characterizing the
resultant states at a site n by their complete SU(3) quantum numbers with the net SU(3)
fluxes being zero. This will be SU(3) analogue of SU(2) results. The quantum numbers
needed to specify such states can be easily computed [44] as follows. In the standard lan-
guage [45], the SU(3) irreducible representations are completely specified by 5 quantum
numbers: |p,q,i,1,,y) where p and q are the eigenvalues of two SU(3) Casimir operators

and i,i,,y are the SU(3) “magnetic” quantum numbers representing isospin, it’s third



Chapter 5. Prepotential Formulation of SU(3) Lattice Gauge Theory 79

component and hyper charge respectively. In the present language with constraints, each
of the 2d directions (see Figure 5.4 for d=2) is associated with 6 harmonic oscillators
(A[i], BT[i],i = 1,2,--- ,2d) and therefore requires 6 occupation numbers to completely
specify the basis. The constraints k_[i] = ali] - b[i] ~ 0 reduces this to 5 in each direction.
Therefore 5 x 2d = 10d quantum numbers are needed to specify a local Hilbert space
basis completely at each lattice site. Not all these quantum numbers are independent as
2d of these are related to the previous sites by U(1) ® U(1) Gauss law constraints (5.10).
Therefore, we are left with 8 quantum numbers at every lattice site. Finally, the SU(3)
gauge invariance further implies 8 constraints. Therefore, the net independent quantum
numbers are 8(d — 1) per lattice site. As expected, this is the the number of transverse
degree of freedom of 8 SU(3) gluons in d spatial dimensions at every lattice site. The
abelian U (1) x U(1) fluxes over the links will now glue these local SU(3) invariant orthog-
onal basis at neighboring lattice sites according to their Gauss laws (5.10). This will give
complete solutions of all the SU(3) Mandelstam constraints like what was done in SU(2)

lattice gauge theory [29].

5.9 Summary and discussion

In this chapter we analyze SU(3) lattice gauge theory in terms of the prepotential oper-
ators which under gauge transformations transform like fundamental matter fields. We
constructed the SU(3) irreducible prepotential operators which acting on strong coupling
vacuum directly created the QCD fluxes around lattice sites. All SU(3) gauge invariant
vertices in terms of these QCD flux operators were constructed at every lattice site. These
SU(3) invariant vertices, in turn, enabled us to cast all SU(3) Mandelstam constraints in
their local forms. As discussed in the text, this is an essential step towards their complete
solution. The complete solution of Mandelstam constraints, in turn, will allow us to write
down SU(3) lattice gauge theory completely and exactly in terms of minimum essential
gauge invariant loop and string co-ordinates without any redundant loop/strings degrees
of freedom as in the SU(2) case. The prepotential operators also allow us to simplify
lattice gauge theory Hamiltonian (4.1). In particular, for the present SU(3) case, one can

simply replace the plaquette or magnetic term 7' Upqquette in (4.1) by a new plaquette in-
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teraction consisting of the 4 L type vertices at the 4 corners of every plaquette. Note that
the new Hamiltonian constructed this was has exactly the same symmetries as (4.1). The
addition of matter field interactions in the prepotential formulation is trivial as matter
and prepotential have similar SU(3) gauge transformation properties. The difference lies

in the abelian U(1) ® U(1) transformations under which matter fields remain invariant.

In the next chapter we again generalize the idea of irreducible prepotentials to arbitrary

SU (N) gauge theory.



Chapter 6

Prepotential Formulation for SU(N) Lattice Gauge
Theory

In the last two chapters we have developed prepotential formulation of lattice gauge the-
ory for gauge group SU(2) and SU(3) respectively. At this stage it is natural to generalize
this to arbitrary SU(N). The first obstacle comes from the group theoretic complications
that are inevitable for SU(N) representations. We have earlier constructed SU(3) irre-
ducible Schwinger bosons and utilized them to construct SU(3) irreducible prepotentials.
Now, this SU(3) construction does not seem to have direct generalization to SU(N). This
is because unlike SU(3), SU(N) representation (N>3) are constructed out of more than
two fundamental irreps. We require (N-1) fundamental irreps to construct any arbitrary
representation of SU(N) [45]. The increasing number of fundamental irreps for SU(N)
(with increasing N) representations increases the multiplicity of SU(N) irreps. In this
chapter we take account of all these multiplicity and define a new set of modified irre-
ducible Schwinger bosons for SU(N) [35], N > 2. Note that all of the earlier SU(2) and
SU(3) results can also be recovered from this new construction. These general SU(N)
irreducible Schwinger boson operators defined at each site of lattice can be identified with
SU(N) irreducible prepotential operators of SU(N) lattice gauge theory. We also show
that in terms of these new irreducible prepotentials one can construct local gauge invari-
ant operators at each lattice site. The non-local loop states are constructed by weaving
the local SU(N) invariant states by

y(l) RUD®...0UQ1) = U(l)(N_l)

\
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abelian gauge transformation. The Mandelstam constraints can also be realized in this
new setting. It is interesting to see a whole class of Mandelstam constraints become trivial

in these new formulation.

6.1 Prepotentials in SU(N) Lattice Gauge Theory

In this section we define the SU(N) prepotential operators which carries the fundamental
representation of SU(N). The Schwinger boson representation of SU(N) group is obtained
by N — 1 independent harmonic oscillator N-plets each transforming as N representation
of SU(N). In terms of these prepotentials residing at both the left and right end of a link
(we do not put a explicit link index as long as we are on a same link), the left and right

electric fields are respectively constructed as,

A? A® A®
E, = d'(1, L);a(l, L)+ a'(2, L)7a(2, L)+ ...+ad (N -1, L);a(N —1,L)
Aa a a
Er = d'(1, R)Ea(l, R) +a'(2, R)EGQ’ R)+...+a' (N —1, R)ga
In (6.1), A* is the generalized Gell-Mann matrices for SU(N) [45], a'[i, s] fori =1,2,... N—

1 and s = L, R are harmonic oscillator N-plets satisfying the following harmonic oscillator

(N—1,R) (6.1)

algebra:
a®[i, s], ag[j, s = 6%300ss (6.2)

The electric fields given in (6.1) generates SU(N) gauge thansformation at both the ends
of a link. Hence there are N — 1 Casimirs for rank N — 1 group SU(N), present at both
the ends of a link. In terms of prepotentials these Casimirs are expressed as the N — 1

number operators. i.e
NTi, s] = a'[i, s] - afi, 5] (6.3)

fori=1,2,...N —1 and s = L, R. The eigenvalues of the Casimir operatots are to be
denoted by nf. The SU(N) irreps are characterized by the eigen values of these N — 1
number of Casimir operators. In terms of Young tableaux an arbitrary SU(N) irrep is
represented as given in figure 6.1 and 6.2. The SU(N) Casimirs are the count of the
number of boxes in each of the N — 1 rows of the general SU(N) Young tableaux. The
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constituting fundamental irreps of the tableaux are columns of 1,2,3,..., N — 1 boxes
respectively. Hence to specify a particular irrep of SU(N), one must specify the number
of each constituting fundamental irrep, which is basically the difference in length of a
particular row and that of the next lower row as shown in figure 6.1 and 6.2. Concentrating
on a link of the spatial lattice, the SU(N) irreducible states residing at each end of a link

is characterized by
|n1 —Ng2,Ng —N3,...,NN-2 —NN-1, nN—l)L/R (6-4)

It is worth mentioning here that, to be a valid irrep of SU(N), the N —1 Casimir eigenvalues
of SU(N) at s end of a link must satisfy the relation:

ni>mns>mng > ... >ny_. (6.5)

The above relation also carries the information that the i** row of Young tableaux con-
taining n¢ boxes have been created by a'[i, s] only as shown in figure 6.3. The prepotential

operators defined in (6.1) transform as a N representation under SU(N),
alli,s] — aTﬁ[i, s (Al)ﬂa (6.6)

Note that, unlike the SU(3) analysis in last section, here all the prepotentials do transform
in the same way under SU(N) as N-plets and are represented by single boxes of the
Young tableaux. But we need N — 1 different fundamental representations of SU(N),
to construct all possible irreps (like 4,6,4* for SU(4)). However all other fundamental
representations of SU(N) are constructed out of these fundamental N-plets. Hence all
N — 1 fundamental representations of SU(N) are obtained as antisymmetric combination

of k, for k=1,2,... N — 1 independent N-plets.

6.2 The Additional Abelian Gauge Invariance

Like SU(2) and SU(3) case, from the defining relation of prepotentials (6.1) it is evident
that the generators of gauge transformations are invariant under the following abelian

gauge transformation:

alfi,s] — e?slal[i, 5] (6.7)
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for s = L, R. As there are N — 1 Schwinger bsosons at each end of the link, we have the

following additional symmetry corresponding to each side of a link:

UhHeUl)e...oU1)=U1)" Y. (6.8)
N-1 7E,GI"HIS

Hence, for a particular link there is an extra U(1)2™~Y invariance which was not present
in the old Kogut-Susskind formulation of Hamiltonian lattice gauge theory. However,
this extra abelian symmetry group is actually of a smaller rank as all these two sets of

U(1)W=Y transformations are not independent. This is because of the following facts:

1. The gauge theory Hilbert space spanned by the states in (6.4) is created by the

action of link operators, i.e
Uanﬁn o UazﬁQUalﬁl 0) (6.9)

From the transformation properties of link variables it is manifest that whichever
representation is created at the left of a link the conjugate representation of the

same must be created at right end.

2. The left and right electric fields are not independent but they are related by parallel

tranport through link operator U satisfying the constraint:

E? = E?, (6.10)

The first one of the two above facts can be understood well by considering explicitly the
corresponding Young tableaux. Let’s consider the left Hilbert space in spanned by the
states:

|n1 —MNg,Ng —Ng3,...,NMN—2 —NN-1, nN-l)L

represented by the Young tableaux as in figure 6.1: According to 1, it’s conjugate rep-
resentation will be created at the other end of the link and is represented by the Young
tableaux in figure 6.2. The conjugate representation in terms of Young tableaux means
that combining (i.e joining from opposite directions) these two Young tableaux one would
get a tableaux consisting only of columns of length N. The condition of two Young

tableaux to be conjugate of each other is illustrated in figure 6.3.
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Figure 6.1: General SU(N) Young tableaux at the left end of a link

As stated earlier, the N — 1 SU(N) Casimir operators at each end of a link basically
counts the number of boxes in each row of a Young tableaux. We also follow the convention
that one particular type harmonic oscillators (a'[i, s]) creates Young tableaux boxes in a
particular row (i*" row). With reference to fig 6.1 and 6.2, the two Young tableau created
by the action of U’s at both the ends of a link, which are conjugate to each other must

satisfy the following relations between their 2(N — 1) Casimir eigenvalues:

L _ R _
ny=n; =n

L R
77,2 —|—7”LN_1 =N

L R _
ng +nNy_og=n

L R —
n, +NN_pig =N

n§_2 + n? =n
nk | +nf=n (6.11)

These constraints are also illustrated in figure 6.3.  The above set of constraints are the
SU(N) analogues of (2.19) and (5.10) for SU(2) and SU(3) cases respectively. Hence for
SU(N) we have only N — 1 independent Casimir eigenvalues for both the left and right
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Figure 6.2: Conjugate SU(N) Young tableaux at the right end of the link

representations as below.
N1 — N2, Me — N3, ..., NN—2 — NN—1,AN-1)L @ [MN_1,"N—2 — NN—_1,..., N — N3, N — Na)R

Above is the state created by the action of link operators on a link and is characterized
by N — 1 Casimir eigenvalues of SU(N). At this point, we put N = 3 in the above set of

constraints given in (6.11) and get,
ny +nf =nt =nf (6.12)
putting this in (6.12), we get the state,
[n1 — ng,n2)r @ [N, my — Na)g

on a link, which is compatible with the constraint given in (5.10) for SU(3) in the earlier

picture.

The set of constraints in (6.11), are nothing but the reflection of the Electric field
constraint (6.10). Thus for prepotential formulation of SU(N) gauge theory we would
have an additional set of N — 1 number of U(1) Gauss law constraints as all the U(1)

gauge transformation parameters given in (6.7) are not independent, but they are related



Chapter 6. Prepotential Formulation of SU(N) Lattice Gauge Theory 87

Figure 6.3: Conditions of left and right irreps for being mutually conjugate. The Young
tableaux consisting of white boxes is the left SU(N) irrep and the Young tableaux con-
structed by inverting the set of grey boxes vertically is the right SU(N) irrep. The number
of boxes in each of the irreps are constrained in order to make mutually conjugate irreps.

0[1,L] = —0[1, R|
0[2,L] + 0[N — 1, R] = 0
0[3,L] + 0[N — 2, R] = 0

Op, L]+ 0[N —p+1,R] =0

0[N —2,L] +6[3, R =0
2 0

0[N —1,L] + 0] (6.13)

Hence the total U(1)2™~1 invariance given in (6.7) is reduced to U(1)~Y invariance

which is to be satisfied by the prepotentials.

6.3 SU(N) prepotential Hilbert space vs. SU(IN) Gauge theory
Hilbert space

As discussed in detail for SU(3) case, the prepotential Hilbert space Hp spanned by the

basis vectors [nF nf ... .nk Y@ nk nk .. nk_|)isactually a much bigger space than the
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Figure 6.4: A general SU(N) Young tableaux consists of N —1 fundamental Young tableax
columns. Each of the fundamental columns of length [ = 1,2,.., N — 1 are again antisym-
metric combination of r independent Young tableaux boxes.

Gauge theory Hilbert space created by the action of U’s on the strong coupling vacuum.
Note that prepotential basis vectors are direct product of N —1 number of different N rep-
resentations of SU(N). Whereas, the link variables create mutually conjugate irreducible
representations of SU(N) at both the ends of it. To create all possible irrep of SU(N) one
needs all the N — 1 fundamental representations of it which is to be constructed out of
these N — 1 prepotentials as shown in the Young tableaux in figure 6.3. As a property of
Young tableaux it is always symmetric along a row and antisymmetric along a column.
It is worth specifying again that we stick to the convention that the i row of an Young
tableaux at side s = L, R is always created by af[i,s]. This convention automatically
brings the constraint nf > n? for i < j, where, n} is the eigenvalue of a[s, s] - a[i, s], to
construct valid Young tableaux. Taking into account this number operator constraints
the vertical antisymmetry of any Young tableaux can be implemented by imposing the

following constraints [35,46]:
Cy;[L] ® C[R] = (al[i, L] - alj, L]) @ (a'[k, R] - a[l, R]) ~ 0, for i < j & k < 1(6.14)

These constraints are basically SU(N) invariants. Note that, all the invariants of SU(N)

are as follows:

(a'[i, L] - alj, L)) ® (a'[k, R] - a[l, R]) Vi, j, k! (6.15)
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where, for ¢ = j and k = [ the invariants are trivial number operators. To illustrate
the constraint (6.14) let us consider the special case of SU(3) irreps created at both the
ends of a link for SU(3) gauge theory. For SU(3), we need two fundamental irreps 3
and 3*. Instead we can also consider two different 3-representation and create 3* as the
antisymmetric combination of these two. In terms of prepotentials we must have a'[i, s],
for i = 1,2 and s = L, R. We also choose the convention that the 1st row of Young
tableaux or the 3 representation on side s is created by a'[1, s]. The second row of Young
tableaux is created by af[2,s]. To construct an SU(3) irrep, whenever a'[2, s| appears,
it must be anti-symmetrized with one of the a'[1,s]. This implies that to construct any
particular irrep of SU(3), number of af[2, s] must be less than or equal to that of a'[1, s].

Moreover, the vertical antisymmetry implies:
a'[l,s]-af2,s] ~0 (6.16)

The weak equation implies acting on any SU(3) irrep. Hence, for a particular link of
SU(3), we have,

a'l1,L]-a[2, L] ® a'[1, R] - a[2, R] ~ 0. (6.17)

In case of SU(4) the above illustration also holds to create 4 and 6 representation. Together
with these two a third fundamental irrep and correspondingly a third set of prepotential

operators to create the 4* representation. Hence, the additional constraints arising for
SU(4) are:

a'l1,L]-a[3, L] ®a'[1,R] - a[3, R] ~ 0

a'[2,L] -a[3,L] ® a'[2, R] - a[3, R] ~ 0. (6.18)

These are the analogous equations of (6.14) for N = 3, 4.

Since the link operators acting on a state in the gauge theory Hilbert space creates
a linear combination of states in the same Hilbert space, it must commute with these

constraints also. i.e
[Ci[L] ® Cu[R],Us"] ~ 0 (6.19)

In the next section we construct the link operators which directly create the SU(N) fluxes

at both the ends of a lattice and also satisfies all the previously mentioned constraints.
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6.4 SU(N) link operator in terms of prepotentials

In this section we will construct SU(N) link operator in terms of prepotential operators.
As discussed in the last chapter for the case of SU(3), the link operator acting on the
strong coupling vacuum creates the states in the gauge theory Hilbert space. It was also
discussed that the action of link operator on strong coupling vacuum cannot create any
SU(N) invariant state on a particular link itself. Thus starting from its action on vacuum
it can never produce any gauge invariant state on a link. The same argument is valid for
arbitrary SU(N) link operators too. The SU(N) invariant operators in (6.15) for ¢ > j
acting on strong coupling vacuum creates the states corresponding to the (af - 57)|0) on a
link for SU(3) case discussed in last chapter. As in the SU(3) case these states are never
created by the action of link operators. Hence to construct the link operator in terms
of prepotential we must cut down these spurious gauge invariant degrees of freedom on
a link as it was done in the last section for SU(3) case. Following the same strategy as
SU(3) case, the first step of the construction of link operators in SU(N) lattice gauge
theory in terms of prepotentials is to construct irreducible prepotential operators which
is free from any spurious gauge invariant degrees of freedom on a link. Moreover these
irreducible prepotentials should directly create SU(N) irreducible representation having
all the symmetry properties of a general SU(N) Young tableaux. Like in SU(3) case, we
exploit these irreducible prepotentials to construct the link operators which create the left
and right irreps, mutually conjugate to each other, belonging to the gauge theory Hilbert
space and finally satisfying all the U(1)®(N~1) constraints.

6.4.1 Irreducible Prepotential Operators

Let us define irreducible prepotential operators residing at each lattice site, with the

following properties [35]

e carries all the same quantum numbers as that of ordinary prepotential operators
defined in (6.1),

e commutes with the constraints C;;[s] ~ 0,

e acts as a monomial on the vacuum to create irreducible representations.
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Let us first discuss the construction of the irreducible prepotentials for SU(3) and
SU(4), and then we will generalize it to arbitrary SU(N). Concentrating on a particular
side of the link s = L/R, the prepotential operators present are a'[i, s], a[i, s], i = 1,2 for
SU(3) and ¢ = 1,2, 3 for SU(4) to construct any arbitrary irrep of SU(3) as well as SU(4).

The constraints that any irrep must satisfy are:

a'[l,s]-al2,s] ~0 (6.20)
for SU(3), together with

a'l,s]-a[3,s] ~0

a'2,s] - a[3,s] ~0 (6.21)

for SU(4). Clearly all the prepotential operators do not commute with these constraints.
The ones which commute is a'[1,s] and a[3,s]. Hence we define a set of irreducible

prepotential operators all of which do commute with all the constraint equations as follows:

Al s] = a1, s]
Al[2,s] = a'[2,s] + F}[s] (al[2, ] - a[1, s]) al®[L, ]
At[3,s] = a'[3,s] + F}[s] (a'[3, 5] - a[1, s]) a'[L, ]
+F3[s] (a'[3, 5] - a[2, 5]) al*[2, 5]
+F3[s|FY[s] (a'[3, 8] - a[2, s]) (a'[2, 5] - a[, s]) a'®[L, 5. (6.22)
where,
FF=— ! (6.23)
' N[i,s] = N[k,s|+1+k—1 '
is calculated from the condition that,
(Cils], A'j, 8]l = 0, Vj (6.24)
where, Cy;[s] = a'[i,s] - a[j,s]. Note that, in construction (6.22), the transformation

properties of new operators have been kept exactly same as the original ones by keeping

the total number of a'[i, s] in A'[4, s] equal to one whereas everything else equal to zero.
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Similarly we also define the prepotential annihilation operators as:

ALl3, 8] = aa[3, ]
Aal2,8] = aa[2,s]+ Hj[s] (a'[3, 5] - a[2, 5]) aa[3, s]
Aull,s] = aa[l,s]+ H}[s] (a'[3, s] - a[l, s]) aa[3, ]
+H:[s] (a'[2, 5] - a[l, s]) aa[2, §]
+H3[s|H7[s] (a'[3, 5] - a[2,5]) (a'[2, 5] - a[l, 5]) aa[3, ). (6.25)

where,

Hilsl = NTi, s] N[k,ls] ey U (6.26)

are calculated such that the annihilation operators too commute with the constraints.
Now we generalize the above construction to arbitrary SU(N). Let us define [35] the left
and right prepotentials Af[i, s], for i =1,2,..,N —1 and s = L, R as:
k=1 k-1,
Atk s) = ak,s]+> Y Fis| Filsl--- Filslel, ¢l ...l a i, 5](6.27)
r=1 {i1,..ir}=1
In (6.27) k =1,2,--- (N —1) and the prime over the second summation (>_') implies that
the ordering k > i1 > iy > ... > i, has to be maintained. Note that for k = 2, 3 it reduces
to (6.22) for SU(4) case. The general form of FF[s] is obtained in [35] as

Ff=— !
' Nli,s] = N[k,s|+1+k—1

(6.28)

Similarly all the N — 1 fundamental irreducible annihilation operators for SU(N) can also

be constructed. The general k™ annihilation operator for SU(N) at side s is given by,
N-1 N-1,

Adbos) = adlk, s+ Y S Hpls|HE(s)HE(SICL, [51C] 5] €]

s i, [layir, s]6.29)
=1 {{ir}—k+1)

In (6.29) k =1,2,--- (N —1) and the prime over the second summation (>_') implies that
the ordering k < i1 < iy < ... <1, < N — 1 has to be maintained. The coefficients are
obtained as:

1

Hils) = Ni,s] — Nlk,s] + 1+ k—i

=—FFs] . (6.30)
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Again note that, the construction (6.29) reduces to (6.25) for SU(4) case with &k = 1,2, 3.
Explicit computation shows that all non-trivial SU(N) invariant operators (as given in
(6.15), for i # j & k # [ in terms of ordinary prepotential operators), constructed out of
irreducible prepotentials becomes proportional to the constraints and hence acting on any
SU(N) irrep vanishes. Hence the Hilbert space created by SU(N) irreducible prepotential

operators contains all SU(N) representations and every representation appears once as:
Alli,s]- Alj,s] =0, V i#j&s=LR. (6.31)

The only remaining SU(N) invariant operators in terms of SU(N) irreducible prepotentials
are A'li,s|- Ali,s], i = 1,2,--- ,(N — 1). These operators, being weakly related to the
SU(N) Casimir operators N|[i,[], do not lead to multiplicity. In terms of the irreducible
prepotentials residing at both the ends of a link, the SU(N) irreps at that particular link

is nothing but the following monomial operator acting on prepotential vacuum:

al bl allalf ol ol ol T el :@LCVV_?> (6:32)
= S§)0)

N1 ralN-1]
— (A PIN 1,84 anl[N_Ls]) ......

-~

ny_1 of A{{N—1]

(A 2,8] - AT (2, 5]) (AT (L, 5] AT, 8] ) [0)

N J/

Vv Vv
ng of At[2,s] n1 of At[1,s]

where s = L, R and S = L/R.

6.4.2 SU(N) link operators in terms of irreduicible prepotentials

The SU(N) link operator must transform as N at left and as N* at right end of the link
and should also satisfy U(1)™¥~Y Gauss law given in (6.11) as well as the constraints in
(6.19). The last one is already solved in terms of irreducible prepotentials. In this section
we construct the link operator exploiting the irreducible prepotentials which satisfy the
U(1)™=Y constraints (6.11) and produce two mutually conjugate flux states at both of its

ends. The general tensor structure of U compatible with U (1)~ Gauss law in (6.11)
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is as follows:

U.” = A1, L] N: (AT[N —1,R]AAT[N —2,R] A... A AT[2, R] A ATIN — 1, R))”
+ Al[2,L] Ny A°[N — 1, R]
+ Al[3,L] N3 A°[N — 2, R]
: (6.33)
+ A'[N —1,L] Ny A°[2, R]
+ (A[LLIANA2, LA ... NA[N —1,L]), Ny A°[1, R]

This link operator acting on the mutually conjugate states (represented by Young tableaux)
at both the ends of the link deforms both the irreps in all possible way (so that it is still
an irrep) but keeping the mutual conjugacy intact. The action of U on a general mutually

conjugate state
|1, ng, ng, . . -nN—1>L ® |ni,n1 —nN_1,M1 — NN—2,...,M1 — N2)R
is as follows:

U£ (|n1,na, ... nN—1)L ® N1, M0 — N1, ..., N — Na2)R)

:Nlinl—i—l,ng,...n]v_l)L@|n1+1,n1—nN_1+1,...,n1—n2+1>}3

ni—ni+1
+Ns [n,ne + 1, ony_1) ® [na,mg — ny_1, ..., 0y — g — 1>@
nQ—?’f:Q-’—l
+A/§ln1,n2,n3 +1,...nn-1)L @ |n,my —ny—1,...,n1 —ng — L,ng —ng)r
n3—>‘7,l3+1
(6.34)
+Ny-1 lnlu N, M3, ... nN—1+ 1)L @ [n,ny —ny_y —1,n —ny_g, ..., 01 — nz)@

Vv
ny-—1—nN-1+1

—l—./\/’Nlnl —1,”2—1,...’)7,]\[_1—1>L®|TL1—1,711—71]\[_1,...777,1—712)@

~~

n;—n;—1 Vi

The coefficients N; are now to be fixed from the unitarity of link operator, i.e from the
condition UUT = U'U = 1. For calculational simplicity let us split the full link operator
to its left and right parts. Infact like the SU(2) and SU(3) case, for arbitrary SU(N) also
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the full U matrix can be written as a product of a left matrix Uy and a right matrix Ug

as follows;
U’ = (Un),” (Ur),” (6.35)
Where,
AL LNE 0 ANIN =1, LNE | (A[L LA AAIN — 1, L)), N
_— Ag[l,.L]NlL B AQ[N—l.,L] L (A[l,L]/\../\A‘[N—l,L])QN]\L,
Ajv[l,:L]/\/'lL A}V[N—i,L] L (A[l,L}/\../\A.[N—l,L])N/\/}%
and
NE (AL R A AATIN —1,R))" NEAN —1,R] ... NEAL,R]
uT = /\/'IR(AT[LR]/\.../\AT[N—l,R])Q NfAQ[]Y—l,R] - N,§42[1,R]
NE (AT[l,R}/\.../\AT[N—l,R])N NfAN[N—1,R] NJJV%AN.[LR]

where, from (6.33) N; = NENE for all i = 1,2,... N. These coefficients are to be

calculated from the unitarity property. Let us first calculate,

Uulu, = diag((Nf)zA[L L]- A1, L), (M)A, L) - AT[2,L),. ... ..
,(MY_)PAIN =1, L) - AT[N — 1, L],
(NE2(ATN — 1, L] A A AL L)) - (A[L L] A . A AN — 1, L])) (6.36)

All the off-diagonal terms are zero due to one of the following reasons:

Afli, L) - A'[j, L] ~ 0 ,i# j( from (6.31))
(AT[N =1, L] A AAT[L L)) - AM[i, L] =0, Vi
A[i, L) - (A[L,L]A . AAIN —1,L]) =0, Vi (6.37)



Chapter 6.

Prepotential Formulation of SU(N) Lattice Gauge Theory 96

To make all the diagonal entries of U}EU 1, equal to 1, the coefficients are fixed as,

(MY

(N

(Vi

1
VA[L L] - AL, L]
1
VA2, L] - A2, L]

1
VAN —1,L]- Af[N — 1, L]
1

) = (6.38)

VAN LI A ANALL) - (ALL A AAN — 1, 1))

Similar calculation with U, RUIT% gives,

UrUL =

diag(wﬁ)?(m[zv 1, R]A . AALR]) - (A[L R A .. A AN — 1, R)),
(NI2A[N — 1, R] - AT[N — 1, R],

(NEAIN —2,R]- AT[N —2,R],...... (NE2AL R] - AL R])
diag(1,1,1,...... 1)
AR = .
' V(AN =1L, R|A . ANAT[LR]) - (A[LLR|A .. NAIN — 1, R))
R 1
Na' = VAN —LR]- AN — LR
NF = !

VAN —2,R]- ATIN — 2, R]

1
VA[L, R] - Af[1, R]

R
N

We write the final U,” as follows:
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U’ =

AL[L L) ! !

VA[L L] - ATL, L] V/(AT[N — 1, RJ A .. A AT[L, R]) - (A[1, R A .. A A[N — 1, R])
(AT[N =1, R A AT[N =2, R| A ... A AT[2, R A AT[N — 1, R))”
1 1

+ AR VA2, L] - A2, L] \/JAIN — 1, R] - AI[N — 1, R] AN -1, B
1 1
+ABL VA[3,L] - At[3, L] \/A[N — 2, R] - AT[N — 2, R] AN -2, K]
(6.39)
+ ANIN —1,1] ! ! A2, R
VA[N —1,L] - AT[N — 1, L] /A2, R] - AT[2, R]
+ (A[LL]NA2,L]A...NA[N —1,1]),,
! ! AP[1, R]

VAN —LLI A AALL]) - (AL L] A A AN — 1, L)) /AL R] - AT[L, R|

6.5 Loop States and Mandelstam Constraints in terms of Pre-
potentials

In terms of prepotential operators for gauge group SU(3) or general SU(N), we find the
counting of local loop degrees of freedom exactly same way as done in the case of SU(2)
and SU(3). As the rank of the SU(N) group is N — 1, there will be N — 1 number of
different prepotential operators associated with each end of the link. Hence, for a site in d
dimensional lattice, where 2d links meet, we will have total 2d(/N — 1) prepotentials. The
SU(N) invariants are antisymmetric combination of N number of prepotentials. Hence
there exist 24N -1 )y basic local gauge invariant operators constructed out of prepotentials
around every lattice site. Moreover, in terms of prepotentials there exist an additional
U(1)™V=1 abelian gauge invariance (6.11) in the theory for each direction, which will put

(N — 1)d additional constraints at a site for SU(N) gauge theory. Hence we have total
M =2 2N=-DCy (N —1)d

independent gauge invariant quantum numbers to characterize states locally at a par-

ticular site. This implies that all these quantum numbers are not independent as there
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should be only N' = (N? — 1)(d — 1) number of physical degrees of freedom per lattice
site (see section 3.1). Thus there are (M — N') redundant loop degrees of freedom due to
the overcompleteness of the Wilson loops at each site. These loop redundancy is reflected
into the Mandelstam constraints. Hence there should be exactly (M — A) number of

Mandelstam constraints among the local loop states.

To understand the invariants constructed at a site, we consider a site of a d dimensional
lattice for SU(N) lattice gauge theory, each link carries (N — 1) number of independent
fundamental representations of SU(N), each of which is a single Young tableaux box. The
invariants for SU(N) means a column of N Young tableaux boxes. Hence it is possible to
construct a column of N Young tableaux boxes from available 2d(N — 1) boxes. Such a

state is given by,
Tty n] = €aras.an AT LA [L] ... AT*N[Iy] (6.40)

where, I,’s are all different prepotentials present around a site. One can choose such a

2d

state in 2¢4V-D(Cy different way. Hence the most general gauge invariant state can be

written as

2dCN

- PlIyIy...1N]
Dints...15]) = H (T[MQ...INO o). (6.41)

(I 15...Ix]=1

2(N-1) ' with positive integer entry. Note that these

Where, p is vector of dimension
kind of gauge invariant objects are analogous to the one defined in (5.67) and (5.68) for
SU(3). The another type of gauge invariant operator defined in (5.66) for SU(3) do not
exist here by construction. The most general loop state in (6.41) is SU(N) analogue of
the loop state (3.28) for SU(2) and (5.69) for SU(3) respectively. However, all these basic
gauge invariant variables T, ;) are not independent. To illustrate this, let us consider

the NV = 3 case as an example.

For SU(3) lattice gauge theory, each end of a link carries two different fundamental
triplet representations (in the earlier description in chapter 4 it carries a triplet and an
anti-triplet). Hence, at a site in d dimensional lattice, there exist total 2d x 2 triplets
or prepotential operators AT*[I], with I = 1,4d attached to 2d links. The only gauge

invariant operators constructed out of these prepotentials at particular site are:

Tin1ats) = €apy AT [ AP [I] AV [I5] (6.42)
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where, I, I5, I3 denotes any three different prepotential operators among the available 4d
prepotentials present at that site. These invariants are similar to the operators constructed
in (5.67), (5.68) for SU(3) case in the last chapter. Thus the number of possible gauge
invariant operators in SU(3) lattice gauge theory at each site is “Cs;. Note that, these
invariants for SU(N) theory with NV > 3 are exactly same as the invariants constructed for
SU(2) gauge theory in chapter 3. We have observed that, SU(2) invariants are mutually
related by the identity given in (3.18). In the same way, exploiting the identity,

€afB~yElmn = 6al56m6'yn - 5am55l5~m + 5am56n67l - 5an56m6'yl + 5(17156[57771 - 5al5,8n67m(6'43>

we find the following relation between the invariant operators (exactly equivalent to the
SU(2) identity (3.18)):

T[I11213]T[141516] - T[I11214]T[I31516] + ﬂhbh}ﬂhhk}
_T[111216]T[131415] + ﬂ111314]ﬂ121516] + T[hI415]T[121316}
_T[Ilfsfs]T[IﬂUe] + T[hkhﬁ]ﬂbkh] - T[Ilfdﬁ]T[Iﬂﬂs] + T[I11'316]T[121'415} =0. (6'44>

where I ... I denotes any six different prepotential triplets chosen out of available 2 x 2d
operators present around the site. Note that, (6.44) is indeed the fundamental Mandelstam
identity for SU(3) involving only 3 loops passing through a particular site. This procedure
can be generalized in a straightforward way to arbitrary SU(N) to obtain fundamental

Mandelstam identities involving only N loops passing through a site.

The other non-local Mandelstam identities in terms of the link operators (the one given
in (5.71)) still exists with SU(N) theory for (r > N) loops passing through a particular
site. Similar to the SU(3) case, here also, this nonlocal constraints can be completely

analyzed locally using prepotential formalism (as done in (5.72)), i,e:
W — ﬂ1112---IN] (645)

as Tip,1,..151's are the only SU(N) invariants constructed out of the prepotentials which
are as well local. But the identities in terms of Wilson loops are not fundamental as all
of these for any aritrary number of loops can be derived from the set of fundamental
Mandelstam identities involving only N number of loops in terms of prepotentials (as
given in (6.44) for SU(3) example).
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6.6 Summary and Discussion

We have defined and constructed irreducible prepotential operator for lattice gauge theory
with arbitrary SU(N) gauge group. They are defined at each lattice site. The original
variables like electric fields and link variables are written in terms of the prepotentials.
The link operator now breaks into two parts which transform locally under SU(N) located
at two ends. The link between the left and right part of the link operator is been carried
by an additional U (1)™) gauge transformation. The local gauge invariant states have also
been constructed. The fundamental Mandelstam constraint for SU(N) gauge theory is also
obtained in this formulation which involves only N loops passing through a particular site
as opposed to the Migdal’s infinite set of identities involving any arbitrary (> N) number

of loops passing through a site.

However, apart from making the loop formulation simple in terms of local loop vari-
ables, the prepotentials also act as useful tool in calculating the spectrum of the Hamilto-
nian. In the next chapter we demonstrate this fact by calculating the spectrum of SU(3)

Hamiltonian exactly as well as analytically on a small lattice consisting of four sites.



Chapter 7

Single Plaquette Problem and the Prepotentials

In this chapter we will illustrate that the prepotential formulation, developed in the previ-
ous part of the thesis, also serve as useful tool in calculating the spectrum of Hamiltonian
lattice gauge theory. We have already seen that, the new formulation makes the loop
states local and finite in number. We can also solve Mandelstam constraints using prepo-
tentials in order to get exact orthonormal minimal loop basis. At this point it is interesting

to address the issue of the spectrum of the theory exploiting prepotentials.

In the present chapter we solve the eigenvalue problem of the Hamiltonian exploiting
prepotential formulation exactly as well as analytically for a small lattice consisting of
only four lattice sites. Hence only one plaquette exists to contribute to the magnetic
part of the Hamiltonian. Although there were earlier attepmts to solve single plaquette
problem exactly, the introduction of prepotentials for non abelian gauge theories makes

it much more simple compared to earlier works [47] and yields the same spectrum.

7.1 SU(2) Single Plaquette Hamiltonian

The Hamiltonian for a lattice (2.1) consisting of only one plaquette (four sites and four

links) for SU(2) Lattice gauge theory can also be written as:

4

1
H=— > B+ k(2 = Tr Uptaguette) (7.1)

=1

where, k(~ 1/g?%) is the inverse coupling of the theory. The electric part of this Hamil-

tonian can be diagonalized trivially by going to the angular momentum basis. In fact,

101
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this is done in the strong coupling expansion, where contribution from the magnetic term
of the Hamiltonian can be computed perturbatively. In this section we diagonalize the

magnetic term instead.

Let us consider the magnetic part of the Hamiltonian. The magnetic part comprises of
the link operator U’s, defined on each of the four links. These link operators are basically

SU(2) matrix valued operators given by:
Un U )
7.2
( U1 Ux 7-2)
Product of four such U’s on four of the links is again an SU(2) matrix U, the trace of
which gives TrUpiaquette = X(U), where, x(U) is the SU(2) character. Note that, all the

U,p's commute among themselves (2.25). Hence U,g for all values of o and ( must have

common eigenstates. Let us denote that common eigenstate as |z), such that,
Uagl2) = zaplz)-

Now the eigenvalue of the full link operator U with eigenstate |z) is z = ( A )
221 ~22

AsUU =UU" =1 & det U =1 is true, we must have
dr=z=1 & det z=1.

Hence z is also an SU(2) valued matrix. The most general form of z is therefore given by:

*

z1 29 . . .
z= < . ), with z1, 2o satisfying |21 | + |22|> = 1.
-z z
2 21

Hence the eigenvalue of TrUpaquenre Will be 21 + 27. We now choose a compatible

parametrization of 2, 2, as follows [48]:
21 =cosbe'z | z=sinf el (7.3)

such that,

—sinfe 2 cosfe”

L < (:05961'“2;5 sin@eifu > (7.4)
2

Where0§9§gand0§w,£§4ﬂ.



Chapter 7. Single Plaquette Problem and the Prepotentials 103

Figure 7.1: New link variable which start and end at the same point and surrounds the
lattice. Prepotentials are attached at the staring and end points of each link.

Now, without loosing any generality we can always make a similarity transformation

such that z becomes diagonal as follows:

ez 0 . w
z:( 0 eig) & z1+zl—2(:os§ (7.5)

Hence x(U)|z) = 2 cos §|z> enables us to consider |z) = |w).

7.1.1 Introducing Prepotentials

Introducing prepotentials for lattice gauge theory, (here the theory has SU(2) gauge in-
variance) each link is associated with a pair of prepotential doublet at each end (as in
chapter 2). At this point we redefine the link variables by a canonical transformation
from the usual ones. Instead of four links surrounding the plaquette, we consider only a
single link which starts from the lower-left corner of the plaquette, surrounds it and end

at the starting point itself as shown in figure 7.1. Thus the new link is basically,
U =U,0,U§US (7.6)

Now we can attach prepotentials at the ends of this new link variable. This new link
has left electric field attached to it at its starting point and right electric field (parallel
transport of the left electric field by the full plaquette) at its end point. Gauss law is
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satisfied at the origin or the lower left site. The SU(2) single plaquette Hamiltonian in

terms of these new variables is:
4
H = EEQ +r(x(e) — x(U)) (7.7)

where, e is the identity element of SU(2).

Let us now consider the particular link, surrounding the plaquette. It has associated
prepotentials af, and b}, at it’s both ends which are at the same site. Using the prepotential

decomposition of the link operator developed in the chapter 2 in (2.20):

x(U) =TrU =Tr({U, +U.) (7.8)
. S| 1 S| 1 b g _
with TrU, = \/(N+1)k+ TV and TrU_ = \/(N-',-l)k_ T where, k. =a' 0", k_ =

a-band N =a'-aor b'-bhaving the same eigenvalue n.

Hence the normalized gauge invariant or loop state associated with this plaquette is:

at i) .
&m =) (7.9)

N S RS RN CES]

Now consider the state |w) which is the eigen state of magnetic part of the Hamiltonian,

ie
. w
TrU|w) = 2cos §|w> (7.10)

|w) is trivially the eigenstate x(e) with eigenvalue 2. Since |w) is an eigenstate of TrU,
it must be a loop state. Being gauge invariant this loop state can be written as a linear

combination of all possible gauge invariant states given in (7.9) as,

w) =) Fy(w)n) (7.11)

One can show that,

1 1
(\/N+1k+VN+1) o=t

1 1
& (\/N—klk_\/N—kl)’m = |n—1) (7.12)




Chapter 7. Single Plaquette Problem and the Prepotentials 105

Note that, the ki, k_ and ko are SU(2) invariant and satisfy Sp(2,R) algebra (5.25).
Hence, from (7.10) and (7.11) using (7.12) we get,

oo o0 w oo
F,(w)n+1)+ F,(w)ln —1) = 2cos — EF,(w)n 7.13
; (w)n+1) ; (W)n —1) 5 ; (w)|n) (7.13)
The equation (7.13), with the fact that F_;(w) = 0 yields the recurrance relation:
Foi(w) 4+ Fo1(w) = 2cos an(w) (7.14)

Solving this relation with the boundary condition Fy(w) = 1, gives the function as:

_sin(n+1)%
B sin &
One can easily check that (7.15) is compatible with F_;(w) = 0. Note that, SU(2)

characters have the same expression as F),(w) with n = 2j, i.e,

Fo(w) (7.15)

sin(2j +1)%

)
SlIl2

Fo(w) = Xjznp(w) = (7.16)

Hence we can identify the coefficients F},(w) with SU(2) characters. !

7.1.2 SU(2) characters: Some important relations and its consequence to
w)

At this point it is usefull to note some important properties of SU(2) characters as given
in [38] which will be essential, and will also make the calculation of single plaquette

spectrum enormously simple.

The orthogonality relation of the SU(2) character x;(w) [38],

| o)) = 2nss (7.18)

'We can also check explicitly that F,(w) ~ sin(n + 1)% satisfies (7.14).

6i(n+2)% _ efi(n+2)% =+ eing _ o—ing

w w
i 2 - i -
Sll’l(’ﬂ -+ ) B +smn B %

_ 2l [ei(nﬂ)g (eig _’_efi%) _ o—ilntl)g (ezg Lt
1
w

= 2cos % sin(n + 1) 5

|E

)]

(7.17)
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implies the completeness property of |w) defined in (7.11) as

| el = X [t @i
= 2r > Il =2l

o / " du(w) )] = 1 (7.19)

where, du(w) = sin® £dw is the invariant measure for SU(2). Now, for any given function

on(x), satisfying the completeness relation

[ 26,@1600) = b

there exists the expansion of delta function ¢ (m —t) in terms of these functions as:

Using these above relations for our coefﬁ01ent Fn(w) = x;(w), we get:

4m
oW
/ stEdej(w)Xj/(w) = 2wl
0

or /%deln(Q]Jrl)‘Sln(zj+1)§ = 5
L on V2r -
sin(2) +1)4 sin(2j + 1)
= =0 e
zj: e N (w—w)
. 276 (w
= > xiwy) = # (720)
J

In the above derivation we have used the delta-function representation by orthogonal

functions with the property that, for any two orthogonal functions ¢, (z) and ¢,,(z):

b
/ Az 9 (@) () = G = 6w — 1) Zson n( (7.21)
Hence, orthonormality of the state |w) is obtained as:
(wl') = ZXJ w){jli")

27r5(w — W)

] sin? %

(7.22)
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7.1.3 Spectrum of the Hamiltonian

With all the calculational tool mentioned in the last section, we are now in a proper plat-
form to calculate the energy eigenstates of the full single plaquette Hamiltonian exactly.
Consider the eigenstate of the Hamiltonian H in (7.1) to be |e) with eigen value €. i.e
Hle) = ¢€le)
or, (w|Hle) = e{wle) (7.23)
Now we define the wavefunction of single plaquette Hamiltonian as a function of the

continuous parameter w as ,

(wle) = Ye(w) (7.24)
such that,
1 47
0 =57 [ dute) o)) (7.25)
It readily implies,
47
Wl = 5 [ du)bdw)wlo)
w=0
1 270 (w — w')
= 3 wzodu(w)we(w)—siHQ%,
= (W) (7.26)

The action of the electric part of the Hamiltonian H,) on the eigenstate |w) of magnetic

part of the Hamiltonian is as follows:
—EZIw ij 3+ 1)l5) (7.27)

The SU(2) character x;(w) satisfies the relation [38]:

d?x;(w) w dx;(w)
dz ¢ tE dw

Hence, the action of H,) on the state |w) can be written as:

+J0+ Dx(w) =0 (7.28)

4T &2 d
Hylw) = —— {—+cotu—)—w] W) (7.29)

= (e|Hgw)" = —— _+COt__w] e(w) (7.30)
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Now, consider the eigen value equation:
(w|H €e) = e(wle) (7.31)

In the continuum representation the above equation becomes:

4 [ d? w d

- {w + oot 55] (@) + 26 (1~ cos 2 ) ) = et ()

. w d? w d K W\l . w
or, {sm 5 Teos 55} Pe(w) + 1 [e — 2K (1 — oS Eﬂ sin §¢€(w) =(7.32)

This is precisely the damped Mathieu equation. Now, we define,

de(w) = sin gibe(w) (7.33)
such that, the above equion becomes,
2 1 K w
{w + ﬂ de(w) + 1 [e — 2K (1 — cos 5)] de(w) =0 (7.34)

This is now the Mathieu’s equation. From the properties of SU(2) character x;(—w) =
xj(w) and x;(w+4m) = x;j(w), it is assured that the wavefunction will have the following

symmetry properties:

Pe(—w) = dc(w) & ¢c(w +47) = Pe(w) (7.35)

Hence the wavefunction must be an even periodic solution of Mathieu equation. Com-
paring (7.34) with the standard Mathieu equation y” + (a — 2¢ cos2z)y = 0 given in [49]
we get the solution of the equation as the even Mathieu function ‘MathieuCla, ¢, 2z]" in

Mathematica which is a cosine elliptic function with the following argument:

a = —4(=1+2K* — Ke) (7.36)

q = —4rK* (7.37)
w

.= 2 (7.38)

Now, we have the following observations:

e Our wavefunction is a function of a single continuous parameter w with the sym-
metry w — w + 47. But from the Mathieu function (y) we see that the solution
of the Schrodinger’s equation (¢p(w) = y(z)) is function of z = w/4. Hence, the

wavefunction is also a function of w’ = w/4 with period 7.
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Figure 7.2: Lowest five energy levels of the Single palquette Hamiltonian. The X axis is
the coupling x and Y axis is energy. The Energy levels show strong coupling behavior
for small values of x and for large &, i.e in the weak coupling regime (k — o0) all energy

levels show finite mass gaps.

e The coupling of the Hamiltonian « is related to the parameter ¢ of the Mathieu

equation as shown in (7.37).

e The Mathieu Functions are solution of the Mathieu equation with only some al-

lowed values of the parameter a, known as the characteristic coefficient of Mathieu

equation. Different characteristic coefficients denotes different discrete solutions of

Mathieu equation. As we see in (7.36), here the characteristic coefficients are related

to the energy € of the single plaquette Hamiltonian. Hence, different allowed values

of the discrete characteristic coefficient of Mathieu equation a, with r = 2,4, ...

implies discrete energy levels ¢, of the single plaquette Hamiltonian. The functional

relationship of the characteristic coefficients with the parameter ¢ given in [49], gives

the dependence of the enrgy spectrum to the coupling according to (7.36) as shown

in figure 7.2. The energy spectrum shows non-zero mass-gap as expected.

In the next section we consider the single plaquette problem for the gauge group SU(3)
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as well as arbitrary SU(N).

7.2 Single Plaquette in SU(3) Lattice Gauge Theory

In this section we will generalize the above method to calculate the spectrum of single
plaquette Hamiltonian for arbitrary SU(N) gauge group. To start with, let us consider
the example of SU(3) gauge theory defined on a lattice consisting of only four sites. As
discussed in the case of SU(2), we redefine the link variables such that only one relevant
link exists. Hence one can construct gauge invariant loops for the theory only out of
this link. In other words, the plaquette is consructed out of only one link, carrying the
link variable, which is an operator valued matrix. Likewise in SU(2) case, we can always
make a similarity transformation such that the SU(3) matrix & becomes diagonal. Let us
consider the SU(3) link operator matrix representing the full plaquette to be a diagonal
one. As we also know that, all the elements of the link operator matrix do commute with

each other resulting a common eigen state |z) for the full U matrix. i.e,
Uaplz) = zapl2)-

Hence the eigenvalue matrix z must also be a SU(3) matrix one given as:

e 0
z= 0 e 0 (7.39)
0 0 e iorit2)
satisfying,
Tr Uptagquette|2) = Tr z[2) = (e + € + e71OF02)) | 2), (7.40)

Hence, we can consider |z) = |01, 05).

The Hamiltonian for SU(3) single plaquette is given by,

4
1 1 1
H = E E El2 +K (3 - §TrUplaqu6tt6 - §TrU;laquette) . (741>

=1 ~

—
Hey Hmag
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Now, the eigenstates of TrUpiaquere Will automatically be eigenstates of H,,,, with the

following eigen value:

1 . . . 1 A A )
Hmagleh 92> — 3 5(62491 + 6@92 + B_Z(01+62)) _ §(6—191 + 6—192 + 61(914—92)) |91’ Q2>
= 3 —(cosb; + cosby + cos (01 + 63))|64, 62) (7.42)

7.2.1 Introducing Prepotentials and Treating H,,,,

Likewise SU(2) case, we now attach a set of two (A™(L/R) € 3 and BI(L/R) € 3*)
prepotential triplets and anti-triplets (since we are working with SU(3) gauge group)
to both the ends (L/R) of the link. Since, the link we consider here, surrounds the
plaquette, both the left and right prepotentials are situated at the same point. Thus the

gauge invariant states constructed out of prepotentials are:

Noq (AT(L) - B(R))" (AT(R) - BY(L))"|0)
= Npq (a'(L) - b'(R))" (af(R) - (L))" |0) (7.43)

|p7 q> = |p7 Q>L & IQ7p>R

Where, N, , is normalization factor. Moreover. the eigenstates of Tt Upjaquerte are gauge
invariant and hence must be a linear combination of all possible gauge invariant states

Ip, q) constructed in terms of prepotentials. Hence it must be of the form,

|01, 02) = Z Fyq(01,02)|p. q)- (7.44)

p,q=0
Again, as derived in (5.57), the link operator consists of three terms:
U=U;+U-+U*; (7.45)

analogous to (7.8) for SU(2) case. Similar to the SU(2) analysis done before, it can also
be shown that,

Uflp.q) = [p+1.q
UZlp,q) = Ip,qg—1)
Ullp,g) = lp—1,q+1) (7.46)
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Hence for |6;,6:) to be the eigenstate of Tt Upigquetre as in (7.40), we get the following
relation to be satisfied by the coefficient F), ,(61,02) in (7.44):

Foq4(61,62) + Fpyg1(01,602) + Fpi1 4-1(01,602)
= (" + e e O E, (0,,05). (7.47)

Similar to the SU(2) case, we observe that, the SU(3) character functions [50] satisfy
the above recurrence relation exactly. This can be shown explicitly by considering the

following functional form of SU(3) character [50]:

Xp.q(0h,62) = —m [exp(ip@l —iqty) — exp(—iqth + ipbs)
+ exp(—ip(6h + 02) (exp(—igbh) — exp(—igb2))
+exp(iq(fy + 02) (exp(iphs) — exp(z’p@l))] (7.48)
where,
S(01,02) = 8sin (61 ;02> sin <01 2202> sin <201;— 92) (7.49)

Hence we can conclude that, the eigenstates of H,,,, are,

|01, 02) = Z Xpg(01,62)[p @) (7.50)

p,q=0

7.2.2 'Treating H

We now consider the electric part of the single plaquette Hamiltonian given by, H, = E?.

The loop states |p, q) are eigenstates of the electric part of the Hamiltonian as that is
the Casimir operator with the following eigenvalue (5.38):
1
Elp.g) = 5 (p* +¢* +3p + 3+ pa) Ip, q). (7.51)

Hence, it implies,

(P> + ¢* + 3p + 3¢ + pq) |p, q). (7.52)

Wl

Hel|91;92> = Z Xp,q(91702)

p,g=0
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At this point it is important to explore some properties of SU(3) character which are

necessary for our purpose.

Characters have the following symmetry properties which can be checked explicitly
from (7.48):

Xpg(01,02) = Xgp(01,02) & Xpq(61,02) = —Xp,q(02,61). (7.53)
The orthonormality of the characters are given as:
[ (010330102001, 62) = (2780, (7.54)
where, dyu is the invariant measure on SU(3) group manifold given by,
dp(01,0,) = S*(01,0:)d0,doy, — 7 <61,0, <7 (7.55)
with S(61,02) given in (7.49). Using (7.54), we find:
(271T>2 _7; dp(by,602)[61,62) (01, 62| = p;q/ _: dpa(61, 02) X4 (01, 02) X (01, 02) [P, ) (P,

= > Ipa)pa =1 (7.56)

Further one can also derive the relation:

/ / 27r 2 / /
Z X;,Q<01’ 02>XPuQ(9 1, 9 2) = SQ((01)02)5(91 - 9 1>6<92 - 6) 2) (757)

Pq
following the same logic used to derive (7.20) in the case of SU(2) characters. This relation

eventually leads to the orthonormality of the states |0y, 0s) as:

(91,92\9’1,9/2> = Z X;q(ela92)Xp/,q'(9/1,9/2)<p,QIP’:(]/>
p,a.p',q’
* / / (27T)2 / /
= D XG0 000 (01, 02) = gy 000 = 0)5(6: = 02) (759)

pq
Now, the most important property of SU(3) (as well as of arbitrary SU(N)) character
functions is that, they are eigenfunctions of the Laplace-Beltrami operator defined on
group manifold, and the corresponding eigenvalue is the quadratic Casimir operator’s
eigenvalue for that representation. Now, note from (7.52), that

He|64,05) = Z [_VQXp,q(01792)|pa C]” = —V2|91,02>. (7.59)

p.q
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7.2.3 Treating full Hamiltonian

Having analyzed the action of electric and magnetic part separately on the continuum
states |0y, 60;) for SU(3) single plaquette problem, we are now going to look at the full

Hamiltonian given by,
H= % o+ K Hop. (7.60)
We already know that,
H|6,,0,) = —%Vz + k(3 — costy — cosBy — cos(01 + 63)) | |01, 62). (7.61)
Hence, the eigenvalue equation for single plaquette Hamiltonian of SU(3),
Hle) = €le) = (01,02|H|e) = €(by,0s]€) (7.62)
takes the continuum representation,
—%VQ + 1 (3 = cost — cosby — cos(0y + 02)) | Ye(61,05) = ehe (61, 0). (7.63)
where, we have exploited the relations:

A
9= / RICHATACRATNS (7.64)

with we(gla 92) - <917 92|€>'
The action of Laplace-Beltrami operator on some SU(3) invariant function is as follows
[51,52]):

~ 10,0

2 —
Vv f(01762) - o 82 aez aez

f(61,62) (7.65)

where, S is the socalled van der Monde’s determinat given in (7.49)? and 63 = —(6; + 6s).

*Note that, for SU(2) case, S(w) = sin%, and hence,

2 ! dsinQEE*d—QJrctwd
sin?g dw 2dw  dw?

O 5@
Hence, we can identify (7.29) as
1
H.|w) = —EV2|w).
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Replacing 03, and after doing some algebra we get,

Vif =

2 0% 2 0? 2 0? 2f (0%°S 028 0%S
sae D+ 55 * 585,08, ~ 52 (ae% T 691092> (7.66)

Using this in (7.63), we get the single plaquette Schrodinger’s equation for SU(3) as:

So° T 5a;” T Sane6,° 2 \ow T oed T anan,

K

4 {2 0? 2 0° 2 0 2 ((’925 %S oS )1

+k (3 = costh — cosly — cos(01 + 02)) |e(br,02) = € (01, 602), (7.67)

or equivalently,

002 " 902 " 90,00,| 8 K K252\ 007 ' 062 ' 90,00,

— (cosby + cosby + cos(0; + 02)) H ¢e(01,02) =0 (7.68)

where, ¢.(01,05) = S(01,02)1(01,02). Note that, the compact range of the configuration
space variables (—m < 61,6, < 7) implies discrete spectrum of the Single plaquette
Hamiltonian. However, the exact analytic solution of this elliptic equation is not available.
In the next section we write the single plaquette Schrodinger’s equation for the gauge
group SU(N) with arbitrary N.

7.3 Generalization to arbitrary SU(N)

Just like SU(3) analysis, under suitable parametrization an arbitrary SU(N) matrix is of

the form:
exp(ib) 0 . 0
9 exp?z’&z) B 0 (7.69)
6 0 exp—i(91+92.+...+€N,1)

and so is the link operator. Hence, the eigenstates of the magnetic part of the SU(N)

single plaquette Hamiltonian can be characterized by N — 1 angles, each ranging from —m
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to 7. i.e we have,

Hiagl0,02,...,0n—1) = (N —cosby...—cosOn_1 —cos(bh + 602+ ..+ 0n_1))
101,05, ..., Ox_1). (7.70)

The weak coupling eigen state is,

101,02, 0n_1) = ) Xt (01,02, Ov_1)lna, o onva), (7.71)
NN 1

where, |nq,...,ny_1) is the strong coupling eigen vector of SU(N) single plaquette lattice
gauge theory. The weak coupling basis is expanded in the linear combination of strong
coupling basis with coefficients, Xy, . ny_, (01,602, ...,0n_1), which are the character func-
tions of SU(N). Now likewise SU(2) and SU(3) case, we exploit the properties of general
SU(N) characters which tells that character functions are eigenfunctions of the Laplace-
Beltrami operator with eigenvalues equal to that of the quadratic Casimir operator which
is basically the electric part of the Hamiltonian. The Laplace Beltrami operator for U(N)

is the differential operator of form:

1 0 0
2 1 2
\Y 2 5296, o0, (7.72)
where, S is:
S(6 o) =] 25inti Y (7.73)
.- UN 2 .

To deduce the SU(N) result one needs to replace Oy = — (61 + ...+ 0y_1) in the above
expressions. The exactly similar analysis done for the case of SU(2) and SU(3) would lead
to the single plaquette Schrodinger’s equation as follows:

N
11 82 1028
2 [— - [Ea_egs — Ea_eg] +r(1— cos@i)]@/)e(é’l, L 0N) = e (01, ..., 0x), (7.74)

Note that, for the case of U(N) gauge theory [51] the above equation becomes separable
in the variables 6;, with ¢ = 1, N and each equation is a Mathieu equation as discussed
for SU(2) case. However, for the case of SU(N), all the variables do not get decoupled as

Oy = —(01 + ...+ 60x_1) and hence cannot be solved exactly.
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7.4 Summary

We have redefined the link variables for a single plaquette such that the magnetic part
of the Hamiltonian becomes easy to handle. We associated prepotential operators to the
links and could solve the problem easily using SU(N) invariant algebra. We also see from

the energy spectrum that in such a crude limit the theory still shows non-zero mass-gap.

This single plaquette analysis is a crucial tool towards the weak coupling expansion
of the theory. One can perform a weak coupling perturbation expansion of lattice gauge
theory, where the unperturbed Hamiltonian is the sum of single plaquette Hamiltonians
over all plaquettes. Note that, the full magnetic part of the Hamiltonian is then con-
tained in the unperturbed one. The interaction between plaquettes is to be calculated via

perturbation expansion. Work in this direction is going on.



Chapter 8

Summary and Future Directions

This thesis has been concerned with the study mutually independent loop states and
their dynamics in SU(2) and higher SU(N) lattice gauge theories using the Hamiltonian
prepotential formulation. The study has been motivated by the fact that in the continuum
limit (¢ — 0) all these independent solutions will play important role in finding the
spectrum of theory. Infact, unlike weak coupling limit, construction of loop states and
their dynamics is extremely easy in the strong coupling (¢> — oo) limit and has been
exploited since the early days [1,2]. However, it was shown that it is not possible [53] to
reach weak coupling limit from the strong coupling regime by strong coupling perturbative
correction as there exists a particular value of the coupling constant where the theory
undergoes a roughening transition [53]. Hence to get the continuum limit from lattice
theory one needs to perform a gauge invariant expansion in the weak coupling regime itself,
which is somewhat dual to the strong coupling expansion. This weak coupling regime of
lattice gauge theory in terms of loops is less explored because in this regime, all the loops
of all possible shapes and sizes start contributing to the theory making the basis highly
over-complete. In this thesis we have shown that the prepotential formulation enable
us to construct mutually orthonormal loop states locally at every lattice site. Infact, as
discussed earlier, the two major stumbling blocks in the loop approach to gauge theory
were the non-locality and proliferation of independent loop states with lattice size. We
have systematically developed ideas and techniques to reformulate SU(2) lattice gauge
theories in loop space without any spurious loop degrees of freedom. We have solved
SU(2) Mandelstam constraints leading to an orthonormal loop basis which is complete

and characterized exactly by 3(d — 1) angular momentum quantum numbers per lattice

118
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site [29]. Further, in this basis the dynamics is governed by 3nj coefficients of the second

kind and therefore it is highly geometrical.
In the later part of the thesis we extended these SU(2) prepotential ideas to SU(3) and

then general arbitrary SU(N). In chapter 5, we define and construct prepotential operator
for SU(3) lattice gauge theory. We then found that, unlike SU(2), the SU(3) gauge theory
Hilbert space is not same but is contained in the SU(3) prepotential Hilbert space. We also
observed that this SU(3) complication is due to an old and well known group theoretical
problem of multiplicity associated with SU(N) (N > 3) representations [40, 46, 54]. This
motivated us to construct SU(3) irreducible prepotential operators in chapter 5. The
SU(3) irreducible Schwinger bosons or prepotentials solve the multiplicity problem and
make SU(3) representations as simple as SU(2) representation. We then constructed
the link operators in terms of irreducible prepotentials which acting on strong coupling
vacuum directly creates the states in the gauge theory Hilbert space. These link operators
also satisfy unitary conditions UTU = UU' = 1, detU = +1. Further, like in SU(2)
case, in prepotential formalism the link operator matrix breaks into left and right parts,
which transform entirely by the left or right gauge transformations residing at the left
or right end of the link. The abelian flux lines connects these two ends of a link. We
have also constructed all possible gauge invariant operators and states locally at each site
of a d-dimensional lattice. In terms of prepotentials we then found out the fundamental
Mandelstam identities for SU(3) locally at each site. All the Mandelstam identities known
in the literature for SU(3) have also been caste in the local form using prepotentials and all
of these can actually be derived from the fundamental one. In chapter 6 we generalized
all the above ideas to arbitrary SU(N) gauge group. In chapter 7 we have focused on
calculating the spectrum of the Hamiltonian using prepotentials. We could calculate
the spectrum for SU(2) gauge theory defined on a small lattice consisting of four sites
using SU(2) invariant Sp(2,R) algebra. For SU(3) and SU(N) theory we again write the
single plaquette Schrodinger equation in terms of gauge invariant variables and the gauge
invariant algebra using prepotential formulation. In the case of SU(2) lattice gauge theory,
using the orthonormal basis in terms of angular momentum, we are now constructing a
basis which diagonalizes the magnetic field term instead. The dynamics in such basis will

be directly relevant in the weak coupling couninuum limit.



Appendix A

SU(N) Coherent States

The concept of coherent states originally introduced by Schrodinger [61] in the context of
harmonic oscillators has been generalized the group SU(2) and have found wide range of
applications [62,65-68] like the original one [62-66].

In the simplest example of the Heisenberg-Weyl group, the Lie algebra contains three

generators. It is defined in terms of creation annihilation operators (a,a') satisfying
la,a'|=Z, [a,Z]=0, [a',Z]=0. (A.1)

This algebra has only one infinite dimensional unitary irreducible representation. The
states within this representation are the occupation number states |n) = %M) with
n = 0,1,2... . The coherent states of the Heisenberg-Weyl group are defined over a

complex manifold as:
20 = exp(zal) [0) = Fu(2) |n). (A.2)
n=0

In (A.2) the subscript [co] on the coherent states is the irreducible representation index.
It implies that these coherent states are defined over the infinite dimensional irreducible
representation of the group. The sum in (A.2) runs over all the basis vectors |n) belonging

to this infinite dimensional representation. The coefficients:

n

Vn!

are the coherent state expansion coefficients which are analytic functions of the group

Fu(z) =

(A.3)

manifold coordinate z. The resolution of identity property of the coherent state (A.2)
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follows from the group transformation property. Let us define the operator: O =
[ e ¥ dzdz |2) o) oo (2]- Under the Heisenberg Weyl group element [66]
Jhw = €TD (@ o+ wa — waT):

w

% oc-&—zw—“’le o w>[oo}‘

|2) 0] — €

It is trivial to see that the operator O/, defined above is invariant under gy,,. Therefore,

by Schurs lemma it is proportional to unity operator.

A.1 SU(2) Coherent States

The Heisenberg Weyl coherent state construction can be readily generalized to the simplest
compact group SU(2) by utilizing the Schwinger representation of SU(2) Lie algebra:
[J2, JP] = ie?*eJc. We define [33]!

J* = —adl (%)% d’. (A.4)

«

N | =

In (A.4) 0* with a = 1,2,3 denote the three Pauli matrices. The doublet of harmonic
oscillator creation and annihilation operators a® and af, or equivalently Schwinger bosons
in (A.4) satisfy the simple bosonic commutation relations [a®, a},] = 0% with o, f =1, 2.
The vacuum state |0,0) of these two oscillators will be denoted by [0). Under SU(2)
transformations the Schwinger boson creation operators transform as doublets:
e B

al, — aTB (exp i0a3> 5 (A.5)

The defining equations (A.4) imply that the SU(2) Casimir operator is simply the total

number operator:
C= Za:&ao‘ =a' - a. (A.6)

The eigenvalues of C will be denoted by n. The various states in the irreducible represen-

tation n(= 2j) are:

Q1@ o) = al,al, .....al, ]0) (A.7)

(62 e5)

!This is exactly same as the SU(2) electric fields constructed out of prepotential in (2.11)



Appendiz A. 122

a o, sassssan o,

n boxes

Figure A.1: SU(2) Young table in the n = 2j representation. The monomial state (A.7)
carries the horizontal permutation symmetries of this Young tableau.

The corresponding SU(2) Young tableau is shown in Figure (A.1). Note that the state in
(A.7) is invariant under all n! permutations of the SU(2) indices a, g, -+ , . This is
because all SU(2) creation operators on the right hand side of (A.7) commute amongst
themselves. The state (A.7) is same as that in (2.16). In other words, the SU(2) Schwinger
boson creation operators carry the symmetries of the SU(2) Young tableau® which is
shown in Figure (A.1). Therefore, the (n + 1) states in (A.7) belong to SU(2) irreducible
representation with total angular momentum j = 7.
The SU(2) group manifold S? can also be described by a doublet of of complex numbers

(21, 2%) of unit magnitude:
|2 = |21]* + | = 1. (A.8)

This is because any SU(2) matrix Uy can be written as:

Uy = ( o ) (A.9)

* *
—Ry %

with Uity = Usld] = 1, det(Uy) = 1. At this stage one can trivially combine the SU(2)
irreducible states in (A.7) and the SU(2) group manifold coordinates in (A.8) to construct
the generating function of the SU(2) coherent states:

> Z CLJr " >
|2) = |2, 2%) = eap (2 - al) |0) = Z% 0) =) " |2)a. (A.10)

Above z - af = z'al + 224l and | %)) is the coherent state in the SU(2) representation

2This obvious symmetry argument will not be true for higher SU(N) (see chapter 5 and 6 as well
as appendix A.2 and A.3) leading to the definition of SU(N) irreducible Schwinger bosons. In terms of
SU(N) irreducible Schwinger bosons the SU(N) irreducible states will be monomials like (A.7).
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Jj =n/2, hence it is written as:

2
|Z>m= E: For2(z)al, - -af, [0) = > Feoi(z) |anas - ) (A1)
0‘2]71 OZl,"',O(QjZl ~~
SU(2) irrep. j=%

Like in Heisenberg Weyl case (A.3), the SU(2) coherent state structure functions in the
irreducible representation j are:

1
(25)!

Note that they are analytic functions of group manifold coordinates. The resolution of

Fa1a2...a2j (Zl7 Z2) = ZC”ZQQ...ZOQ]" (A12>

identity property again follows from the group transformation laws. The coherent state
structure in (A.10) and the the SU(2) transformations (A.5) imply that under group
transformations: |z, 2%); — |21, 2%)[; where (2!, 2") are the SU(2) rotated coherent

state co-ordinates:
o . aga : B
2% = <expz(9 7)) 5 2. (A.13)

Therefore, under the SU(2)transformations the coherent states |z) = |21, 29) transform
amongst themselves on S? as the constraint (A.8) remains invariant under (A.13). Again

we define the operator:

Oy = /du(Z) (I2)p1 11 (=) :/ P20 |2 P+ 1222 = 1) =)y gzl (A14)

The operator Oy is invariant under all SU(2) transformations of the coherent states |2)[;.

Therefore,
[Q*, 0] =0, Va=1,2,..,8 (A.15)

The Schur’s Lemma implies that O is proportional to identity operator.

It is illustrative to briefly mention the standard group theoretical coherent state con-
struction procedure [66]. We characterize the SU(2) group elements U by the Euler angles,
i.e, U0, 0,0) = exp—ipJsexp—ifJrexp—ithJs. The SU(2) coherent states are constructed

as:

10,6,0); = U0, ,9) |1,5) , Zc L0, 0) [,m)

m=—j
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The coefficients C,,(60, ¢, 1) are given by,
25!
(7 +m)(j —m)!

It is clear that the corresponding construction is difficult for higher SU(N) group as we

Con(0, 6, ) = e~ Smoriv) | # [sing " [cosz] ™.

need to know all the SU(N) representations, Euler angles and the group elements to imple-
ment this procedure. On the other hand, the coherent states in (A.10) are straightforward
generalization of the Heisenberg-Weyl coherent states in (A.2) and bypass all the problems
mentioned above. In the next section we further extend this simple coherent state con-
struction to SU(N) with arbitrary N. As we will see the only new input required for this
purpose is the replacement of SU(2) Schwinger bosons by SU(N) irreducible Schwinger
bosons [34, 35].

A.2 SU(3) Coherent States

In order to construct the coherent states for SU(3), we consider the SU(3) irreps con-
structed out of SU(3) irreducible Schwinger bosons defined and constructed in [34, 35].
Note that, the SU(3) irreducible Schwinger bosons used as prepotential operators in Chap-
ter 5 of this thesis are not exactly the same which we are going to use here. Earlier we
have used the 3 and 3* irreps of SU(3) as the fundamental one and have constructed all
the irreps out of it. Here instead we take two different 3 irrep as fundamental. As already
mentioned while discussing the prepotential formulation for SU(N) lattice gauge theory
both the schemes are exactly equivalent. As constructed in section 6.4.1, the irreducible
Schwinger bosons Al [1], Al [2] with a = 1,2,3 for SU(3), constructed in (6.22), do com-
mute with the constraint (6.20) and creates the SU(3) irreps as a monomial state given

below:

010 BiBa B = (Agl 2 A% [2]... Al [2])
x(4l, A, AL [])j0). (A16)
The monomial states in (A.16) belong to [ni,ns] irreducible representation of SU(3).

This monomial state directly creates the SU(3) Young tableau with n; and ny boxes in

the first and second rows respectively as shown in Figure A.2. . We now exploit this
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A ATATO{ATY (AT T T AT

AQRIATIAI AL

h ;(nl 2 nz)

Figure A.2: SU(3) Young table in the [nj, ny] representation. The monomial state (A.16)
in terms of SU(3) irreducible Schwinger bosons carries all the symmetries of this SU(3)
Young tableau.

simple construction of SU(3) irreps. to further extend the definition of Heisenberg Weyl,
SU(2) coherent states (A.2) and (A.10) to SU(3) group.

A.2.1 Construction of SU(3) Coherent States

Similar to SU(2) case (A.8) and (A.9), the eight dimensional SU(3) group manifold can
be characterized by two complex triplets: z,[1] and z,[2] (o = 1,2,3) which satisfy the

orthonormality constraints:
zZ[1]-z[1] =1=2z[2] - 2z[2] , z[1]-z[2]=0. (A.17)
This is because any SU(3) matrix U3 can be written as:

z[l] z[2] (Z[1 A z[2])
Us = | 1] =[2] O] AZ2)s (A.18)
z[1] z3[2] (21 A Z[2])s

with Ustdi = Ultds = 1 and det(Us) = |Us| = 1 due to the orthonormality constraints
(A.17).

We define the SU(3) coherent states generating function as:
|2[1], 2[2]) = exp (2[2] - AT[2]) exp (2[1] - AT[1]) |0) (A.19)

Note that this construction is SU(3) extension of SU(2) coherent state generating function

(A.10). We can project SU(3) coherent state in the representation [ny, ns] by considering
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the corresponding term in the generating function (A.19):

J1o] - ATON (2111 AT ™
2[1], 22)) _ (2[2] - AT[2])™ (2[1] - AT1]) 0)

[n1,m2] Ny! ny!

3 3
_ Z Z Foz1..an1§51~ﬂn2 (2[1]72[2]) ‘Oglag...anl;ﬁ162"‘/6n2>
ar..any =1 1..6py=1 SU(3) z‘r;e,p. [n1,m2]

L(A.20)

[mnzl

In (A.20) the SU(3) coherent state structure functions,
1

n1!n2!2[1]0‘12[1]a2 - Z[l]anl 2[2]512[2]52 o Z[Q]ﬁ"2. (AQl)

peraniBidea (3[1], 212 =

are analytic functions of SU(3) group manifold co-ordinates. Like in SU(2) case, the res-
olution of identity property follows from the group transformation laws. Using the SU(3)
transformations, we find that the SU(3) coherent states transform as: |z[1], 2[2])n, na] —
|2'[1], 2'[2]) (n1 ,ne) Where

1) = (expi(@ag))ag P11, 22 = (expi(@a?))ag LRl (A22)

Again like in SU(2) case, z[1] & z[2] transform like SU(3) triplets, the orthonormality
conditions (A.17) remains invariant under the SU(3) transformations. In other words,
the coherent state (A.20) defined at a point (z[1], z[2]) transform to the coherent state at
(#'[1], #'[2]) on the SU(3) group manifold. Therefore, the operator Op,, n,):

Ot = [ ) (Je10 D)y o $o11) 212 (A23)
with SU(3) Haar measure
du(z) = d?z[1]d*z[2] ( d(z[a.2"[B] — ba, ))
for= ([ o) (1T ﬂ

is invariant under all SU(3) transformations (A.22):
[Qa, O[nl,nﬂ] = O, Va = 1, 2, ceey 8 (A.24)

where, @*’s are the SU(3) generators:

a a

Q" = a'[1] %a[l] +a'[2] a2, a=12..8 (A.25)
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n (A.25) A*’s are the Gell-Mann matrices. Therefore, by Schur’s Lemma Oy, ,, is

proportional to identity operator.

The SU(3) coherent states (A.20) and the structure functions (A.21) are straightfor-
ward generalization of the SU(2) coherent states (A.10) and the corresponding structure
functions (A.12) respectively. The latter, in turn, are SU(2) generalization of the oldest
Heisenberg-Weyl or harmonic oscillator coherent states (A.2) and the associated structure

functions (A.3).

A.3 SU(N) coherent state

Just like SU(3), SU(N) irreducible Schwinger bosons defined in [35] are an useful tool
to construct coherent states which are really essential to study the states in the SU(N)
invariant Hilbert space locally at each site for SU(N) lattice gauge theory. In this section
we use the same irreducible Schwinger bosons defined earlier in section 6.4.1 as SU(N)
prepotential operators (6.27, 6.29) just omitting the link index. As in the case of SU(3)
representation the SU(N) irreps are again monomial of irreducible Schwinger boson oper-
ators acting on vacuum as the irreducible Schwinger bosons carry all the symmetries of

an arbitrary SU(N) Young tableaux. i.e,

Oé[ll}a 04[2], S £L11]7 05[12}7 05[2]7 S 7057[122]; T Ja[lN_l]v a[ZN_l] ce 7a7[1]>[v_1]>
[n1,m2,-nyN_1]
[N-1] [V—1]
= (ATal [N_l]...ATaanl[N_l])...
nN_1 ofAT[N 1]
(ATal ATan2 ) ( ATCan ]) |0>' (A'26>
no ofAT[Z] ni OfAT[ ]

A.3.1 Construction of SU(N) Coherent States

Like in SU(2) and SU(3) cases in (A.8) and (A.17) respectively, we characterize the SU(N)
group manifold by N — 1 number of complex N-plets: {z,[i]}, i = 1,2,...,N — 1 and
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a=1,2,...N following orthonormality constraints:
Zla] - z[B] = a5 (A.27)

With the above parametrization any SU(N) matrix has the following form:

21 z[2] ... .0 =z [N=1] E[A]AZ2]A...AZ[N —1])
21l z[2] ... .0 m[N-=1] E[A]AZ2]A...AZ[N —1])2

Uy = 2 : : : (A.28)
le[l] zNI[Q] zN[N —1] (Z[I] A Z2] A NZ[IN —1])n

At this stage we generalize (A.11) and (A.20) to define the SU(N) coherent state generating

function as:

|2[1], 2[2], ... 2[N = 1])
= exp (2[N — 1] - AT[N —1]) ... exp (2[2] - AT[2]) exp (2[1] - A"[1]) }0> (A.29)

Note that the coherent state generating function (A.29) contains all possible irreducible
representations of SU(N). Further, the expressions for SU(N+1) and SU(N) coherent
states differ only by the last exponential factor in (A.29). Therefore, the present SU(N)
coherent state construction is iterative in nature. Now, projecting out a specific coherent
state denoted by the set of particular values of the SU(N) Casimirs, i.e., Af[i]- A[i] having
eigenvalue n; with ¢ = 1,2,---(N — 1) and ny > ng > ... > ny_; we get the SU(N)

coherent state in the irreducible representation [ny,ng, -+, ny_1]:

’2[1]7 2[2}, cee Z[N - 1]>[“17n2'~m\771]
(2[V —1]- ATN —1))™ " (2[2] - AT[2])™ (2[1) - AT[]))™

= . 0 A.30
ny_1! 79! ny! ‘ > ( )
N N N ] 1] [N—1] _[N—1]
— Z Z Fouemeen ey (2[1] 2(2) - 2[N — 1))
a[ll] ,..,agi =1 a[lz],..,anﬂzl a[lN_l],..,aL]\]r\r_ji =1

[N—1]

1 n [N—1]
Qg0 o O ) ]

N

-~

SU(N) irrep. state (A.26)
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In (A.30) the SU(N) coherent state structure functions are given by:

Fa[ll]..alﬂ~~-a[1N71]..o¢£L]\][V7_11
1 (1] ] [N-1] N1
= Z[1]% L z[1]%m - 2[N = 1] [N —1]%~v-1. (A.31)

nilna! .. ny_q!
The states in (A.30) depend smoothly on the SU(N) group manifold coordinates. We
now check the resolution of identity. Like in the previous SU(2) and SU(3) sections,
under SU(N) transformations all the (N — 1) coherent state co-ordinates z[i] transform

as N-plets:

N2_1 B
zali] = 2L[i] = 23ld] (expi > eaAa> : (A.32)

a=1

We again define the operator O, ...y_,) as:

O] = / Ap(2) (202N =1 G 2N 1)) (A39)

In (A.33) [ du(z) is the SU(N) invariant Haar measure:

11 / d2z[a]] T1 5 (l0].#° (6] — 6us)

[Q*, Otrgymy gl =0, Va=1,2,.. ,N*—1, (A.34)

where, @*’s are SU(N) generators defined in terms of these Schwinger bosons as:

N-1
a'[i] a=1,2-- (N> —1). (A.35)

i=1
Above A*’s are the generalization of Gell-Mann matrices for SU(N).

The Schur’s Lemma implies:

O[n1,n2,-~~,n1v71] = I[n1,n2,~--,nN71]- (A-36>

In (A.36) Ijn, g, my_4) 15 pProportional to identity operator in the irreducible represen-
tation subspace. We again emphasize that the SU(N) coherent states in (A.30) are the
most straightforward extension of the Heisenberg Weyl, SU(2) and SU(3) coherent states
n (A.2), (A.11) and (A.20) respectively.
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Calculation of Clebsch Gordon coefficients for

SU(N) x SU(N)

The coupled representations of two or more SU(N) are of particular interest in the context
of gauge invariant states of gauge theories. As obvious tool in this treatment are the
Clebsch Gordan coefficients which is well studied for SU(2) group. This enabled us to
construct a complete orthonormal gauge invariant Hilbert space for SU(2) locally at each
site of the lattice in chapter 3. The major obstacle to generalize it for higher rank groups
are the lack of knowledge of the Clebsch Gordan series and in particular Clebsch Gordan
coefficients. In this appendix we develop a new technique for computing Clebsch Gordan
coefficients. We discuss the simplest and well known SU(2) case in this approach first and

then generalize that to arbitrary SU(N).

We discuss the constructions for simple SU(2) group (section B.1) first and then
generalize these ideas and techniques to SU(N) group with arbitrary N (section B.2).

B.1 Representations of SU(2) x SU(2) and invariants

Consider the generators of SU(2) x SU(2) Lie algebra as:
1

1
Tt = 5 a (0Mapas, 5 = 50 (0%)as by, (B.1)
where o denote the Pauli matrices, (aq,al) and (b,,bl) with o = 1,2 are the two
Schwinger boson doublets. The SU(2) Casimirs are:
7 T o 'fla Na 7 T o Nb Nb

130
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In (B2), N, = d"-d@ = (alay + alay) and N, = ot -b = (blby + biby) are the number

operators with eigenvalues n, = n! + n? and n, = n} + n? respectively. The decoupled

G O
’ 2 2} = V (G2 + m2)!(j2 — my)! 0. (B.3)

angular momentum states are:

" )
\/(jl +m1)!(jr — ma)!

The representations of SU(2) can also be characterized by the eigenvalues of the total

|j1am1> =

occupation number operator as,

A\ () 0" ()"
<>¢%> 0), wa%w (B4)

In (B4) nl = ji+mq,n? = ji —my,n} = ja+ma,ni = jo—my. The direct product states

M0y 110) =

1,2
Int,n?) @ |ni,n?) will often be denoted by n‘f ng > The total angular momentum
My
generators are:
Jp = J} + J3. (B.5)

The corresponding group will be denoted by SU(2)7. We now construct all possible
SU(2)r invariants out of the two Schwinger boson doublets in (B.1). The first set of

invariant operators is:
~ ~ 1
ky=d -V, k_=a-b, kozﬁ(Na+Nb+2). (B.6)

In (B.6) the invariants k.. are the antisymmetric combination of the two doublets: af-bf =
€apal bl = (albh —alb!) and a - b = eqpaabs = (a1by — agby). It is easy to check that k, k_
and ko commute with SU(2)r generators J* in (B.5) and satisfy Sp(2,R) algebra:

[k, k] = 2ko, ko, ki) = £k (B.7)

The Sp(2,R) algebra and its representations are discussed in section 5.4. We use the same

representation here also.
Similarly, another SU(2)r invariant algebra is obtained by defining [33]:

1
ky=a b, k=) -a, HOEE(Na—Nb). (B.8)
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[I1I11]]
‘ eeene >® ‘ weene > — ‘ >+ = N
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Figure B.1: Graphical or Young tableaue representation of the identity (B.11). The
SU(2) ® SU(2) coupled states on the right hand side can be directly obtained from the
decoupled state by the corresponding projection operators (see (B.13)). The coupled
states on the right hand sides also carry Sp(2, R) x SU(2) quantum numbers (see (B.25)
and (B.26)).

These generators satisfy the standard SU(2) algebra:
[y k] = 2Ko, Ko, kie] = Eha. (B.9)

It is easy to check that the Sp(2, R) and SU(2) generators in (B.6) and (B.8) respectively
commute with each other as well as with SU(2)r in (B.5). Therefore, the coupled irre-

ducible representations of SU(2) x SU(2) can also be labeled by the quantum numbers
of the Sp(2, R) x SU(2) group (see (B.25) and (B.26)).

B.1.1 The Projection operators, invariants and symmetries of Irreps.

In this section we consider the coupled angular momentum states obtained by taking the
direct product of two arbitrary angular momentum states |j;, m1) and |jz, m2) as shown in
Figure B.1. The Young tableaue decomposition in Figure B.1 corresponds to the standard
expansion of the decoupled basis in terms of the coupled basis:

|71 —J2|

’jlu m1> ® |j27m2> = Z Cjijjzl;jg,m2|j17j2;j7 m>7 (Bl())
J=i+j2
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In (B.10) m = my + ms. The same series can also be obtained by defining projection
operators P’/ which directly project the decoupled state to a particular coupled state

|71, 72; 7,m). In terms of projection operators, the expansion (B.10) takes the form:

7172 . min(2j1,2j2)
1, m1) @ |fa2, ma) = Z Pj1,ma) @ |2, mo) = Z Prljr, ma) @ |j2, m2)(B.11)
J=j1+j2 r=0

In (B.11) r is the number of two boxes (invariants) on the right hand side of Figure B.1,

ie.,
r=J1+Jj2—7J (B.12)
Comparing the series (B.11) with the standard expansion in (B.10) we get:

Prlir,mi) & |j2, me) = cm |71, 323 3, m). (B.13)

Jj1,m13j2,me

In (B.13) j = ji + jo — r and m = my + my. Taking the norms of each side of (B.13) and
using P? = P, we get:

ij:r’rsl;jQ,mQ = \/<j17.j2a ma, m2|737’|j17j27 ma, m?)- (B14)

In (B.14) we have used the notation |ji, j2, m1, mo) = |j1,m1) ® |ja, ma). The Clebsch
Gordan coefficients in (B.14) will be explicitly computed in section B.1.3.

We now construct the projection operators defined in (B.11). The Figure B.1 and
(B.11) imply that the projection operators can only depend on the SU(2) invariant
operators (N, Ny, ki, ky) discussed in section 2. We first consider r = 0 (j = j1 + Jj2)
case. The Figure B.1 implies that Py(= P) should completely symmetrize the SU(2)

indices so that 7 = j; + ja. Therefore, we demand:
k- (Plj1,ma) @ |ja2, ma)) = 0. (B.15)

As P depends only on the SU(2)r invariant operators, we can write the most general

form as:

P= S Ly (Na V) (k) ()% ) () (B.16)

q1,92,93,94
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In (B.16) Iy} = lg1 40,93, (Na, Np) are the number operator dependent operators. Further,
as the projection operator should not change the number of either a or b type oscillators,

we get ¢1 = q2, g3 = q4. On the other hand, the identity €,5€,5 = day0gs — 0503, implies:
KiK. = NaNb — k+k7. (Bl?)

Thus all SU(2) operators ky_ in (B.16) can be removed in terms of Sp(2,R) operators

kyk_. Therefore, the most general form of the projection operator is:
P = 1(Nay Ny) (ke )?(k)". (B.18)
q=0
The constants [, is computed using the constraint (B.15) and is obtained as:

(=1)7 (Na+ Ny — q)!
q' (Na + Nb)|

Note that the constant term in (B.19) is chosen to be unity (i.e [y = 1) so that:

ZQ(NaaNb) - (B19>

P?=PP = (1 + i l,(Na, Ny) (k+)q(k_)q> P="P

q=1
as k_P = 0. The Figure B.1 now immediately implies that all other projection operators

are of the form:
Py = Ny(ke) P (ko) = Nolky)” P (k) (B.20)

The constant coefficients N, are fixed by demanding that the operators P, satisfy P? = P,.
We thus get:

~ (ng+np —2r 4+ 1)!
"ol (ng +ny — 14 1)!

(B.21)

Note that these coefficient can also be computed by demanding completeness property:

min(2j1,252)

> =L (B.22)

The completeness property (B.22) is manifest in the defining expansion (B.11) itself. It
is also easy to check that the Hilbert spaces projected by different projection operators

in (B.20) are orthogonal:

7)7“7)3 - 57"37)7’7 r,s = 07 17 27 e min(zjla 2j2) (B23>
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In (B.23) we have used the Sp(2,R) commutation relation (B.6) and the constraints k_P =
0 (r >s), Pky = 0(r < s). We note that the coupled angular momentum states
PE" |j1,m1) ® |j2,ma) in the expansion (B.11) also belong to the Sp(2,R) irreducible
representations with lowest Sp(2,R) magnetic quantum number ¢ = qo = (j1 +jo — 7+ 1)

as:

ko P (k=)' [j1,m1) ® |j2,ma) = qo P (k)" |j1,m1) @ |j2, m2).
(B.24)
K2 P (k=) [g1,m0) @ |ja,ma) = qo(1 —qo) P (k-)" [j1,ma) @ |2, ma).
To get the second eigenvalue equation we have used k_P = 0 to replace k*(= %(l@rk_ +
k_ky) —k3) by 3[k_, ky] — k§ = ko(1 — ko). The equations (B.24) immediately imply:
ko Pr |j1,m1) ® |ja,m2) = (1 +Jj2 + 1) Prljr, ma) @ |2, ma).
(B.25)
k? Prlji,ma) @ |ja,ma) = qo(1— qo) Prljr, m1) @ |2, ma).
Similarly, it is easy to check that the quantum numbers of SU(2)r invariant SU(2) group
in (B.8) are:
Ko Pr |71, m1) @ [j2,ma) = (J1 — J2) Prlji,ma) @ |j2, ma),
(B.26)
K2 Pelji,ma) @ |ja,ma) = 507 +1) Ppljr, ma) © |jz, ma).

Note that j = j; + jo — 7 in (B.26).

B.1.2 SU(2) x SU(2) irreducible Schwinger bosons

It is known from [34,35] as well as from section 6.4.1 that, all possible SU(N) irreducible
representations can be written as monomials of SU(N) irreducible Schwinger bosons [34,
35]. This irreducible Schwinger boson constructions are the SU(N) extension of the
Schwinger SU(2) construction [33]. In this section we apply these ideas to construct the
coupled states |j1, ja, 7, m) in (B.13) as monomials of SU(2) x SU(2) irreducible Schwinger
bosons (see equation (B.36)). The SU(2) x SU(2) irreducible Schwinger boson creation
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operators create states which satisfy k. = 0 and therefore correspond to maximally
symmetric states (or states with highest angular momentum). All other states can be
constructed by applying the invariant operators on such maximally symmetric states.
Note that this procedure is also illustrated by Figure B.1. The first coupled state on the
right hand side with n, + n, = 2j; + 2j5 is the maximally symmetric state. All other
coupled states on the right hand side are obtained by multiplications of the invariant k,
(i.e., two boxes arranged vertically in Figure B.1) on such maximally symmetric states.
As in [34,35], we define:

Al = al, + f(No, Ny)kibo, Bl =0l + g(No, Nk dia. (B.27)

Note that by construction (B.27) the SU(2) x SU(2) transformation properties of Al and

B} are exactly same as those of al and b], respectively. We now demand:
k_ AL ’P|j1,m1> ® |j2,m2> = 07 k_ BL 77|j1,m1) &® |j2,m2> =0. (B28>

The above constraints can be solved in terms of the unknown operator valued functions
f(Nm Nb) and g(NaJ Nb):

1 1

f(Na, Npy) = TN E N G(Ng, Ny) = AR A

(B.29)

Note that the f(N? N°) and g(N®, N°) in (B.29) are well defined as they always follow a
creation operator in (B.27). As an example of the states created by the SU(2) x SU(2) irre-
ducible Schwinger bosons we consider the state: ALBL\O) = ALBMO) =z (aLbE + aTﬁbL) 0).
We note that it is already symmetric in the SU(2) indices o and  and no explicit sym-

metrization is needed. Infact,

AIBIO) = |hi=1/2,0a=1/2,j=1,m=1),
1,. _ .
AIBIOY = |ji=1/2,jo=1/2,j=1,m=—1).

The irreducible Schwinger bosons can also be directly constructed using the projection

operators of the previous section as:

Al ~ Pal

« a?

B! ~ Pb! . (B.31)
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In (B.31) ~ implies weak equality. In other words the equations (B.31) are true only
on the projected section of the Hilbert space which satisfies the constraint £ = 0. The
equivalence of (B.31) and (B.27) can be easily established by substituting P from (B.18) in
(B.31) and noting that iy (Ng, Ny) = f(Na, Ny) = —g(Na, Np). The completely symmetric
states of SU(2)7 can be easily defined through the irreducible Schwinger bosons:

+ Ji+ma t Jji—my i Jo+ma t J2—ma
o (A1) () () (8)
- . . . 0).(B.32)
s \/(]1+m1)!(]1 _ml)!<]2+m2)!(]2_m2)!

To compute the normalization constant V. ]]21 o in (B.32) we note that the right hand side

171,72, = J1 + J2, m)

of the above equation can also be written in terms of decoupled states as:

()" ()" ()" ()

V(1 +m1)!(j1 — m)! (2 + ma2)!(j2 — ma)!

)™ (o) ) ()

V(g1 + m)! (G — ma)! (G2 + ma2)!(j2 — m2)

iomo\—1,. . . . .
(NZ272) " |jisgosd = ji+ Ja.m) =

= Pljr,m1) @ [j2, ma). (B.33)

In the first step above we have introduced identity as . We then replace the irreducible
Schwinger bosons by their defining equations (B.27) and used Pk, = 0 in the second step
to get the decoupled states at the end. To compute the normalization V- 521;1”21 in (B.32) we

notice that the completely symmetric states are given by (B.13) at r = 0:

P |j1,m1) @ |j2, ma) = CJJI féﬁ;%bhh;j = J1 + j2,m).

Comparing this with (B.33) we get: N7V C/=/1+2m — 1 Therefore,

J2,m2 J1,m1,j2,mz2

N = o = [ ) ) )] e
s ofmnen [ (250)1(202)! (1 J2 + ma + ma)! (1 + 2 — my — ma)! '

For example, we put j; = 2,m; = 0,j, = 1,me = 0 in (B.32) and replace the irreducible

Schwinger bosons by their defining equations (B.27) and (B.29) to get:

|j1 :27j2: 1aj:37m:0>

V3 V3 ]

3
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Therefore, explicit normalization of the above state gives: N7 = \/g which is also the

value obtained by (B.34) with C 42 3m=0 = \/g . With this value of normaliza-

1=2,m1=0;j2=1,m2=0

tion, the expansion (B.35) further gives:

O, i=3m=0 _ (. i=3m=0 _ /1
J1=2,m1=—1Lje=1me=1 7 “~j1=2,m1=1;jo=1,ma=—1 5

The same values are also obtained from the Clebsch Gordan series (B.47) obtained using
the invariants in the next section. The above example provides a self consistency check
on the procedure. The discussions in the previous section imply that an arbitrary coupled

state can be written as:
i go gom) = N2 (k) 2y — Go + 4)/2, (G — Gu +5)/255,m). (B.36)

Note that the state |(j; — j2 + 7)/2, (2 — 71 + 7)/2; j,m) is maximally symmetric and is

of the form (B.32). The normalization constants A’

i, can be easily computed using the

commutation relations (B.7) as k_|(j1 — j2 + J)/2, (Jo — j1 + 7)/2;4,m) = 0. They are
given by:

AT _\/ (2j + 252 + 1)! |

T (J1+J2 = )31 + 32 — j + 1)
We again emphasize that all possible SU(2) x SU(2) coupled states in (B.36) are mono-
mials of the irreducible Schwinger bosons. All the symmetries of the coupled Young
tableaues on the right hand side of Figure B.1 are already present in (B.36) and there
is no need for explicit symmetrization or anti-symmetrization by hand. Thus the the
irreducible Schwinger bosons (B.36) can be thought of as the generalization of SU(2)

Schwinger bosons (B.3) which directly lead to coupled angular momentum states.

The SU(2) x SU(2) irreducible Schwinger bosons satisfy the following algebra:

T T T T _ T T
[Aa,Aﬂ} —0, [Ba,Bﬁ] — 0, [Aa,Bﬂ} — 0.
1
Wby
No+No+1 27 (N, + Np)(Na + Ny + 1)
N, + N, +1 (Ng + Np)(Ng + Ny + 1)

| Ao, A8 = 805

[BQ,B;] = Gap +
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B.1.3 The projection operators and SU(2) Clebsch Gordan Coefficients

The Clebsch Gordan coefficients are given by the defining equation (B.13):

j=ji1+j2—r,m

le,m1;j2,m2 = <.j17j2;j =J1+J2— T7m|7)7“|j17m17j27m2> (B38)

This can be rewritten as:

. I ;L . . .
Cj=j1+j2—r,m o <]1a my = J1,J2, My =1 — j1|7)r7)7"|]17m1’]2’m2>
Ji,mi;j2,me - Jj=ji+j2—r,m
J1,mi=j1;52,mh=m—j1

<j17j17j27 m — jl’PrUla my, jo, m2>

- . . . R (B.39)
({1, g1 g2, m = J1|Prldus Jus Jas m — ja))?
We have used P? = P, in (B.39). The numerator in (B.39) is:
(41, J1s J2, m — 1| Pr|g1, ma, Jo, ma)
0 0 . -
- Nr<. A ‘kiﬂ?kz’; e m1>
t+m—0n ntjp—m J2+ma Jo —mo
) ) 271 0 ‘ + +‘j1+m1 jl—m1>
=N, 1,271 — 1,275 — 1 , o , TR ‘
zq:q( . P2 )<]2+m—11 Jitje—m | " J2+ma  J2 — Mg
EK(J'Lm;rjmmzﬂﬂ‘)
=N > (251 = 7,22 — ) K (j1,ma, j2, ma, ¢, 7). (B.40)

q

In the first step we have written the decoupled angular momentum states in terms of the
occupation number basis. In the second step we have substituted the expression of P with
Ng = 2j1 — 1, np = 2jo — r for the coefficient [, in (4.9). Note that the matrix elements
K can be easily computed as both k2" and k%" in (B.40) can be replaced by monomials

of harmonic oscillator creation and annihilation operators respectively:
q+r 1) q+r q+r—s 9T s qtr—s
k?+ — 4y b2 s ]{3_ — (—1) CS (albg) (agbl) .

Above s = ¢+ r + my — ji. Substituting these monomials in (B.40) leads to:

(=) 3(q +1)!
slq+7r—s)(g1 +m1—s)l(ja —ma — )/ (1 —m1 —q—71+5)!(Jo +mo —q — 1+ 5)!

K =

X/ (251)! (2 +m — j1)! (G2 — m + ) (1 + ma)! (1 — ma)!(Ga + ma)!(J2 — mo)L. (B.41)
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Substituting N, 1,(2j1 —r,2js — ) from (4.9) and K from above with s = g +r+my — ji,
the matrix element (B.40) takes the form:

(271 + 2jo — 21 + 1)!
(21 + 275 — 1 + 11251 + 22 — 2r)!

<j17j17j27m _j1|Pr|j17m17j27m2> =

o (270)!(j2 — m + 1) (1 + ma)! (G2 + ma)!(J2 — my)!
(J2 +m — j)!(Gr — ma)!

min(2j; —r,2j2—r) (_1)q+j1—m1 (q + r)!(2j1 + 270 — 2r — q)!

- - ; - B.42
q_zo G rm =+ e —m—q 0@ —g-r
Putting r = j; + j2 — j in the above equation we get:
S . . . (25 +1)!
I J2o = g1 Pjlgr, ma, Jo, ma) = T
o, g2 APslinm, o, ma) 21+ J2 — NG +J2 + 5+ 1))
(251 + J2 — M) (G + m1)!(J2 + m2)!(J2 — ma)!
(j1 = m1)!(j2 — jr +m)!
MIN(j1—jo+j.j2—j1+7) - o .
—1)rtn—m — (25 — q)!
3 (1) 1+ 2 —J+ )25 — q) (B.43)

= (@ (Ge—d+ag+m)(Gr—j2+j— i —m—q)
For the denominator of (B.39), we substitute m; = j; and my = m — j; in (B.43) to

obtain,
(31, 71, Jas m — J1|Prld1, g1, Ja, m — ja)

(27 + DH2j0)!G2 + j1 = m)! "i (—=1)° (2 —q)!
CNG+i =N +h+i+D = ¢ (h—dhti-9G-m—q!

In (B.44) the upper limit on the sum over q is guax = min(2j; — r,2j2 — r) = min(j; —

(B.44)

Jo + J,jo — j1 + 7). This above series in q is summed using the formula:

> (-7 (C-q! _ Cl (C-A)C-B) e
Ll (A-ql(B—q)! AR CNC—A- D) ‘
Finally, the denominator in (B.39) is:
Vs dis Ja2em— G1|Peld, i, 2 m — i)
. (G 1)1 — o+ 30127 + DI + 31— m) .
(29)! 1 +J2 = D)1+ g2+ 7+ DG —m)! (G2 — j1 + m)(j1 — j2 + J)!
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The final expression of the Clebsch Gordon coefficient in (B.47) is now obtained by di-
viding (B.43) by (B.46) as:

ooim s \/(jl—j2+j)(jz—m2)'(j2+m2)!(j1+m1)(2]+)(] m)!
Jumaigama TN (G Gy D2 — g1+ D)W+ G2 — )N — ma)!(G -+ m)!

mm{ﬁ%mm (=17 (25 — @)+ J2 — J + q)!
g ¢'Gr = g2+ =G —m =)z — j+mi+q)!

(B.47)

The series representing Clebsch Gordon coefficient in (B.47) matches with the expansion

given in [38]. In section B.2.2 this SU(2) computation will be extended to SU(N).

B.2 Invariants and representations of SU(N) x SU(N)

We now generalize the previous SU(2) ideas and techniques to direct product of two
conjugate representations of SU(N). For simplicity we choose these to be N and N*

representations of SU(N). We write the corresponding generators as:

1 Aa\a
-5 bl (A*)% 7. (B.48)

Qf = 5d" (A a5, Q3

l\DI»—

In (B48)a=1,2,---(N?—1) and a, 3 =1,2--- N. A*s are the generalized Gell-Mann
matrices for N-plets of SU(N) and —A® are the dual matrices corresponding to the N*-
plets of SU(N). From (B.48) it is clear that a'’s transform as N under one SU(N) and
bi’s transform as N* under another SU(N)!. Like in SU(2) case (B.4) the decoupled N

and N* irreducible representations are:

H\"a [, 12)"% tNy e
owy (@)™ (e?)™ - (af)
o) = rbon o) = S
nl n2 TLN
ONONRON
=Inln2 0y = B.4
) = ndor ) i (5.49)

In (B.49) {n} represents N partitions of n. The two Casimirs are the two total number

For N > 3 the N and N* representations are not equivalent. Therefore, we now use upper a'® and
lower b! indices to differentiate between the two conjugate representations.
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\
(1] [T
® ..n- _ n, boxes 7, — I boxes >
....... — )= +
n, boxes n, boxes ) Th
5
[ 1]
[, =71, boxes
RS L R e e T
Je——
— n, —n,boxes
(a" b’y (ny2n,) (a' ob' )" (n, 2n,)

Figure B.2: Graphical or Young tableau representation of the identity (B.55). The coupled
SU(N) x SU(N) states on the right hand side can be directly obtained by projection
operators (see (B.56)) and also carry Sp(2,R) quantum numbers (see (B.63)).

operators N, and N, with eigenvalues n, and ny; respectively:

nttnito4nl =n,  nptni4o--4np = (B.50)
nt n? n
We will often denote the SU(N) direct product state [{nq})®[{ny}) by | ¢ 5 Y >
Ty T T
As in the case of SU(2) (B.5), we define the total SU(N) flux operators:
Qr = Q7 + Q5. (B.51)

The corresponding group will be denoted by SU (N ). At this stage we can also define the
coupled SU(N) x SU(N) states through the Clebsch Gordan decomposition (see Figure
B.2) as:

min(ng,np)

) @ Hmd) = Y Culyquy Hna —rHny —rkir) (B.52)

As in Figure B.2, the coupled states denoted by [{n, —r}{n, —r};r) in (B.52) represents
the invariant operator (k,)" acting on the completely traceless tensor state of rank (n, —
Ty —T).

We now define the following SU(N) x SU(N) invariant operators:
1
ky=a b, k_=a-b, kozé(NﬁNbJrN). (B.53)

In(B.53) the invariants are the scalar products of N and N* representations: al - b7 =

(at'd] 4+ at?b} 4+ - + a™Vbl,) and a - b = (a1b' + azb® + - - + anb™). It is easy to check
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that they again satisfy Sp(2,R) algebra (B.7):
b ky] = 2ko,  [koy kel = £k (B.54)

Like in SU(2) case, the SU(N) x SU(N) projection operators are defined as:

min(ng,np)

) @ U} = Y Prl{na}) ® {m}). (B.55)
Comparing (B.52) with (B.55) we get:

Pel{na}) @ {mo}) = Cpo gy {na — v}, {ne —r};7). (B.56)

In (B.56) Cy, ' 1,,, are the Clebsch Gordan coefficients. Taking the norms on both the
sides of (B.56) we get a simple expression for the SU(N) Clebsch Gordan coefficients:

Cinyimy = V {na} 1 ® ({no}] Pr [{na}) @ {mo}) (B.57)

We will explicitly compute these coefficients in section B.2.2.

We now construct the projection operators defined in (B.56). Note that the condition of
tracelesness is exactly same as demanding the constraint £ = 0. Using this fact and the
invariant algebra (B.54) the SU(N) projection operator Py can be easily constructed like
in SU(2) case as:

P=Po=» Ly(N N (k)" (k) (B-58)
q=0
where
(=1)9 (Nyg+ Ny + N —2—¢q)!
q (Ny+ Ny + N —2)!

Lq (NaaNb> - ) (B59>

Again, the projection operator in (B.58) satisfies

1
N, +N,+N—2

as k_P = 0: Note that the SU(N) projection operator (B.58) reduces to the SU(2)
projection operator (B.18) at N = 2. Like in SU(2) case, all other projection operators

792:7>7Dz<1 k+k+~-->73:77,

in (B.55) or equivalently in Figure B.2 are of the form:

Pr = NT (]f+)T 7)0 (k’_)r - Nr (k-i-)r P (k—)r (B6O>
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The constant coefficients N, are fixed by demanding that the operators P, satisfy: P? =
P, and are obtained as:
(na+nb+N—2r—1)!
N, = B.61
T!(na+nb+N—r—1)! ( )
As expected, (B.61) reduces to (B.21) at N = 2. Like in SU(2) case the projection

operators satisfy the orthogonality and completeness properties:

min(na,nb)

Z P.=1, PPs=0.5P,, 1,8=0,1,2 - -min(ng,ny). (B.62)
r=0

The orthogonality relation can be proven exactly like in the SU(2) case (see (B.23)) and

the completeness relation is also manifest in (B.55).

Note that the coupled states are also eigenstates of ky and k? and carry the following

Sp(2,R) quantum numbers:

1
bo Py 1{na) © 1{m)) = 3 (nat ot N) Prl{nad) @ [{ma}).
(B.63)
K Pl{nad) @ [{me}) = qo(1—qo) Prl{na}) @ {ns}),
where, ¢y = % (ng +np + N — 2r) . It reduces to its SU(2) value for N = 2,n, = 2j1,n, =

2.

B.2.1 SU(N) x SU(N) irreducible Schwinger bosons

Like in the section B.1.2 (also see [34,35]), we define:
AT = a!® + F(N,, Nk b, Bl = bl + G(N,, Ny k. aa. (B.64)

Note that by construction (B.64) the SU(N)r transformation properties of A™ and B,

are exactly same as those of a'® and b}, respectively. We now demand:
ke A Plng}) @ {n}) =0, k- BY Pl{ng}) © {ny}) = 0. (B.65)

The above constraints can be solved in terms of the unknown functions F(N,, N;) and
G (N as N b):
1

F(Noy No) = G(No, No) = ~ 3y g

(B.66)
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The first state of the Clebsch Gordon series for SU(N) x SU(N) as given in Figure B.2

can be easily defined through the irreducible Schwinger bosons:

(An)h e ay (1) (BY)
Ngt, {7 = = Ni

(na} {mhir =0) = Ni7 o e G

. ()™ - (atV)"™ (bi)”i . <ij>

Y O I BT I

N P{niy) © [{mi}) (B.67)
The r = 0 state in (B.67) is the first coupled representation on the right hand side of
Figure B.2. The N, {{7?:}} are the normalization constants. Again the construction (B.67) is
the simplest and direct generalization of Schwinger boson construction (B.3) and (B.49)
to SU(N) x SU(N) group. As an example we consider:
(M) e = 1, = 13sr = 0) = A B0} = (o)~ 35k ) o)

Thus the tracelesness or equivalently the symmetries of Young tableaues are manifestly
present in the definition of SU(N) x SU(N) irreducible Schwinger bosons.

Comparing (B.56) at r = 0 with (B.67) we get:

{na} r=0 _
N{nb} C{na}y{nb} - 1. (B.68>
Hence, like in SU(2) case (B.34) the normalization factor N{{:;}} is just the inverse of the
CG coefficient at = 0. This normalization can be calculated using (B.78) from section

1
a

B.2.2. As an example we consider SU(3) states (B.49) with partitions: nl = 1,n3 =
O;ni =1,n2 =1, n} =0. In (B.67) we replace the irreducible Schwinger bosons by their

defining equation (B.64) and (B.29) to get,

[{nk = 1,2 = 0,08 = 0}, {m} = 1,mf = 1,0} = 0} = 0) = NIV AlBIB=|0)
3] 1 200 1 1 1

_ oo |3 00\ V2[00 10\ 1]00 . (B.69)
o lilit10/ ajoz20/ 4011

Therefore, explicit normalization of the above state gives: Ni’ﬁ’g = \/g. On the other

hand, this normalization can also be computed by using (B.68) and the SU(3) Clebsch
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Gordan expression (B.78) obtained in the next section. Putting the above values of

occupation numbers and r = 0 in (B.78) we get:

[ 2! 3
1,0,0
(NLLO) C{nl =1}{n}=1 nb—l} 41313! (4 - 3') \/;

Infact, at this stage we can cross check the other values of the SU(N) Clebsch Gordan
coefficients present in (B.69) with their values computed from the SU(N) Clebsch Gordan

expression (B.78) in the next section. The decomposition (B.69) implies

1 1
C'{010}{020} = _\/% and 0{001}{011} - V1

As can be checked, these are also the values obtained from (B.78) after putting N = 3,
various occupation numbers and » = 0. Thus the above simple state provides three self

consistency checks on our procedure.

The discussions in the previous section and Figure B.2 imply that an arbitrary coupled

state can be written as:

{na}, {no}sr) = Nolp, (k)" [{na =}, {my —r}ir = 0) (B.70)

The normalization constants NV, can be easily computed as k_[{(n4)}, {(ns)};r = 0) =

0 and are given by:

N (ng +np+ N —1)!
mate A\l (ng +np + N +r — 1)

We again emphasize that except the invariant term all the SU(N) x SU(N) coupled states
in (B.36) are monomials of the irreducible Schwinger bosons. The present construction
of coupled states is a straightforward generalization of the original construction to the

decoupled SU(2) angular momentum states (B.3).

B.2.2 The Projection operators and SU(N) Clebsch Gordon Coefficients

We write (B.55) and (B.56) as

{na}) @ [{me}) = D Prl{na}) @ [{m}) =D Cru puy{na = 7} {fmy = r}ir) (B.71)
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where, n = min(n,, ny). Hence the Clebsch Gordon Coefficients can be computed as in
the SU(2) case:
Clngy. (o)
<na70’...0| ® <fﬁllﬂﬁg7... ’fﬁé\]| P’V‘ }ni’ngy...ni\7> ® ‘n;7n§7...név>

(B.72)
[<na70a"' 70| ®<nl1;7/ﬁ’g7 aﬁévl PT ‘navoa"' 70>® ‘ﬁll;aﬁ§7 aﬁév>]§\

In the above equation {n}, - - - i’ } are the values of the occupation numbers corresponding
to the special choice {n! = n®0,0,---,0} so that the total magnetic quantum numbers

on both sides of the projection operator remain unchanged?: They are given by:

Ny = ng —nt +ng and np=mn,—n., ,i=23.,N
Similarly the matrix element in the numerator of SU(NN) Clebsch Gordon coefficient

expression (B.72) is:

({ni = na. {7} [P, P,

{na}, {mo})

n 0O ... 0 nl n? ny
= N,,. l a— T, — @ kQ+qu+r a a a
;q(” A r)\< T U 7 A R B Y niy ’
K({nab{m}a:r)
=N lg(na —r,my — 1)K ({na}, {m},q,7) (B.73)
q

The matrix element K ({n,},{ns}, q,r) are calculated in the same way as in the SU(2)
case. In the computation of K ({n,},{ns},q,r) in (B.73) k2" and k7" can be replaced
by the following monomials of Schwinger bosons:
|
KO — (albthyrtr, KT — —B('q ki 2 H(a'b)? (a?by)® .. (@)™ (BT4)
1:-..0ON-

ZNote that the SU(N) states [n!,n2,--- ,n") in (B.49) can also be characterized by SU(N) Casimir
n=n'+n?+-..+n along with the “SU(N) magnetic quantum numbers” {h’}(i = 1,2--- (N — 1)) as:

1_ .1 2 1_ .2 1
hg = ng — ng, hy =np —mny,

2 _ 1 2 3 2 _ o 3 1 2
h; =n, +n; —2n;, hy = 2ny —ny — n;,

RNt =nl 402+ 41— (N -1l Yt =(N—-1n) —njp —ni —...—np *
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Equating the occupation numbers in the matrix element in (B.73) we get:

/61:q+r+ncll_na7 ﬂ2:n52u 632n27 "'75N:n¢]1\[7
leading to:
K ({n.},{mp},q,7) = \/na'nb'n Lo inkin2l o onNintin2l o n¥!
" (q+r)!
(nl —ng+q+7)n2l.. . n
1
y B.75
(ne —q—7r)!(nf —q—r)lng...a)! ( )
Now substituting the values of N, and [,(n, — r,n, — r) obtained as:
N (ng +np + N —2r —1)!
" r'(ng +ny+ N —r—1)!
1) (ng + 1y — g — 2r)!
ln = romy =) = S et 22
q! (ng + np — 2r)!
and the matrix element K from above we finally get the numerator of (B.72) as
Ng+ny+N—2r—1 na!nginlint!. . ¥l
(= e} ) |P. ) = ftm e i
rl(ng +ny + N —r — DM\ n2l.onNn2l o al!

3 (=1)%(g +7)!(ng +np + N =2 —2r —q)! (

B.
¢'(ng —q—r)l(n} —q—r)l(nk —ng +q+1)! 76)

q

Like in SU(2) case, the denominator of (B.72) is the square-root of the numerator with

1 _ 2 _ 3 _ _ N _ i sy :
n, = Ng, n, =n, = --- =mn, = 0 and n;, = ny, Vi. The final expression for the

denominator in (B.72) is

({ns = na} {m}| P {nh = na}, {m}>
(ng +np + N — 2r — 1)n,!n}! Z Vi(ng +ny+ N —2—2r —q)!
rl(ng +np+ N —r—1)! ql(ng —q—r)l(nf —q—r)!

(et e+ N —2r —Dngnyl(ng + N —r —2)l(ng — 7y +np + N — 2 —1)! (B.77)
B rl(ng +ny + N —r — 1)l(ng — r)!(nj —r)l(ny — ap + N —2)! ' '

In (B.77) the last sum has been performed using (B.45) again. Finally, the SU(N) Clebsch
Gordon coefficient expansion (B.78) is obtained by dividing (B.76) with square root of



(B.77) as,

oo B (ng +np + N = 2r — D)nkintin2l. n¥!
{na}{no} rl(ng +np + N —r —1)n2n3l nNn2l !

\/ (Mo — r)(A} — )(np — A} + N — 2)!
(

nb—{—N—r—Q)!(na—l—nb—ﬁ},+N—r—2)!

min(na —rnp—T)

3 (=7 (g+7)(ng+n,+ N —2—2r—q)!
g (ng—q—r)(n} —q—r)l(nl —ng+q+r)!

(B.78)

q

Note that this SU(N) Clebsh Gordon series reduces to the SU(2) Clebsch Gordon

series (B.47) for N = 2. This can be checked by identifying (b},b!) of SU(N) with

(b1, —b}) of SU(2) respectively so that af-b! (SU(N) invariant) — af-b" (SU(2) invariant)
and putting:

ng=j+m  ny=jo—my Ny =jo— (m—j)
n2=jgi—my np=jo+me 0y =jo+(m—j).

The SU(N) Casimirs in (B.78) are: n, = nl +n? =2j;, ny, =n} +nl =n} +n} = 2,

and r = j1 + Jjo — J.
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